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Abstract
In th e  a p p l ic a t io n  o f  m ost o f  th e  reservoir rock m ode ls  to  specific rea l eng i­
neering  p ro b lem s ,  the  role o f  reservoir  rock is frequen tly  l im ited  to  its s to rag e  
a n d  de livery  capabilities; th e  in te rac t io n  of fluid flow w ith  rock  d e fo rm a tio n  
has been , for th e  m ost p a r t ,  ignored . However, coup ling  o f  fluid flow a n d  rock 
or soil m a t r ix  defo rm ation  h as  recen tly  becom e m o re  a n d  m o re  o f  in te re s t  in 
m a n y  p ro b le m s  in p e tro leum , civil, env ironm en ta l ,  geological a n d  m in ing  e n ­
gineering. E ffo rts  are c u rren t ly  be ing  addressed  to  th e  d ev e lo p m e n t  o f  fully 
coup led  th e rm a l- f lu id  f low -m echanical m odels to m ore  rea lis tica lly  rep resen t 
n a tu ra l  geo log ical systems. In th e  oil industry , p ro b lem s  such  as g ro u n d  
subsidence , reservo ir  c o m p ac tio n ,  borehole  s tability , s a n d in g  a n d  hyd rau lic  
f rac tu r in g  n e e d  to  be  ad d ressed  w ith  a  coupled a p p ro ac h  to m a k e  p red ic tions  
m ore  a c c u r a te  th a n  when each  p rocess  is considered  to  b e  in d e p e n d e n t  o f  the  
o the r .
In th is  f ra m e  of reference, he re  a  tw o-d im ensional ex p lic it  L ag ran g ian  
fln ite-d iffe rence code, fu lly-coupled w ith  a  two-fluid flow s y s te m  in po ro u s  
m edia ,  is d eve loped .  T he  so lid  defo rm a tio n  is cons idered  us ing  th e  d y n am ic
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r e la x a t io n  p ro c e d u re  which allows th e  m ode l to  go into p o s t -p e a k  b e h a v io r  of 
th e  m a te r ia l  w i th o u t  c rea tin g  in s tab il i ty .  T h is  m e thod  is p a r t i c u la r e ly  p o w ­
erfu l w h en  d e fo rm a tio n  is by n o n l in e a r / f a i lu r e  system s (i.e. w o rk  so f ten in g  
p la s t ic i ty ) .
T h e  code  consis ts  of two p a r ts :  o n e  m echanical an d  one f lu id  How. T h e  
m e ch an ic a l  ca lcu la tions  essen tia lly  so lve  m o tio n  equa t ions  w i th  a  d a m p in g  
fac to r  by  us ing  several p seu d o - t im e  s te p s  until  equ ilib rium  is re a c h e d .  S t r a in s  
a re  d e te r m in e d  from d isp la cem e n ts  a n d  th e  co rrespond ing  s t r e s s  field c a lc u ­
la te d  th ro u g h  a  co n s ti tu t iv e  e q u a t io n .  T h e  s tep s  required  to  re a c h  e q u i l ib ­
r iu m  a r e  n o t  real t im e  s teps  b u t ,  r a th e r ,  rep resen t  the  p a th  t h a t  th e  s t r u c t u r e  
follows to o b ta in  th e  equ ilib r ium  s ta te .
C o u p lin g  th e  m echan ica l re sp o n se  w i th  fluid flow is d o n e  th r o u g h  m o n ­
i to r in g  ch an g es  in pore p ressure .  T h e  m echan ica l p a r t  co n s id e rs  u n d ra in e d  
p o re  p re s s u re  a n d  s a tu ra t io n  ch an g e s  o ccu r in g  due to v o lu m e tr ic  s t r a i n  in 
th e  solid . O n ce  m echan ical e q u i l ib r iu m  is reached  fluid flow is a llow ed  for a 
p a r t i c u la r  rea l t im e  s tep . T h e  fluid fiov/ d u r in g  any real t im e  s te p  p u t s  th e  
s y s te m  o u t  o f  equ i l ib r ium  a n d  a  new  s e t  o f  m echanical s tep s  is r e q u ire d  to 
b r in g  th e  s y s te m  back  to  e q u i l ib r iu m  w hich , in  tu rn , p ro d u ces  new  d isp la c e ­
m e n ts  a n d  s tre sses  w ith in  th e  body .
T h e  fluid flow equa t ions  a re  w r i t t e n  using  mixing laws a n d  th e  so lid  is 
t r e a t e d  as a n o th e r  phase. T h e  s y s te m  o f  non linear  e q u a t io n s  is  n u m e ric a l ly  
so lved  u s in g  N e w to n ’s i te ra t io n ,  o r  a  s ta g g e re d  a lgorithm , to  o b t a i n  th e  pri-
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rnary  v a r ia b le s  (po re  p ressu re  a n d  w a te r  s a tu ra t io n ) .  N e w to n ’s i t e r a t io n  is 
used  for longe r  t im es  w hen b igge r  t im e  s te p s  a re  required  a n d  th e  s ta g g e re d  
a lg o r i th m s  a re  m o re  econom ic for sh o r t  tim es , w ith  sm alle r  t im e  s teps .
T h e  co d e  is te s te d  ag a in s t  a n a ly t ic a l  so lu tions  for single p h a s e  flow w ith  
c o n so l id a t io n .  E xam ples  o f  co u p led  fluid flow and rock d e fo rm a t io n  for a 
s im p le  o n e -d im e n s io n a l  scenario , as  well as  for m ore com p ex cases  such  as 
a  lay e red  oil reservoir  c o m p a c t io n  a re  p resen ted . T h e  code  is a b le  to  s u c ­
cessfu lly  h a n d le  non linear it ie s  in fluid flow p roperties  a n d  a  w o rk -so f ten in g  
c o n s t i tu t i v e  e q u a t io n  for th e  so lid  m a tr ix .  T h e  m u tu a l  r e la t io n s h ip  a m o n g  
v a r ia b le s  such  as s a tu ra t io n ,  p o re  p re s su re  a n d  d isp lacem en ts  is show n. It 
is a lso  d e m o n s t r a t e d  th a t  co u p lin g  is a n  im p o r ta n t  issue to  be  c o n s id e re d  in 
c o m p a c t io n  p ro b lem s . Actually , t h e  co m m o n ly  used s tag g e re d  p r o c e d u r e  of 
t r a n s fe r in g  in fo rm a tio n  from a  f lu id  flow code  to a s t re s s -s t ra in  m o d u le  can 




1.1 R esearch m otivation
C o u p lin g  of fluid flow a n d  m a tr ix  d e fo rm a tio n  is of g re a t  in te res t  in m a n y  
p ro b lem s  re la te d  to p e tro le u m , civil, e n v i ro n m e n ta l ,  geological a n d  m in in g  
ac tiv it ies ,  in w hich in te ra c t io n s  betw een single o r  m u l t ip h a se  flow a n d  d e fo r ­
m a tio n  o f  th e  rock or soil m asses  a re  to  be cons idered . In the oil industry , 
th e  effects t h a t  p ro d u c t io n  o f  oil, gas a n d / o r  w a te r  from subsurface  reservoirs  
has  on rock  d e fo rm a tio n  a n d  th e  in s i tu  s t a t e  o f  s tre ss  are  im p o r ta n t  issues. 
R eservo ir  d e fo rm a tio n  is responsib le  for changes  in rock poros ity  an d  p e r ­
m e ab il i ty  an d ,  consequently , can  have a  m a rk e d  influence on the  fluid flow 
c h a ra c te r is t ic s .  T h e  fluid flow a n d  d e fo rm a tio n  effects a re  coupled, e.g. one  
p rocess  influences  th e  o th e r  a n d  the  overall re sp o n se  can  no t be  p re d ic te d  
w ith  confidence by consider ing  each p rocess  in d ep en d en tly .  Surface s u b s i ­
d ence  as  a  re su l t  of reservoir  com pac tion  d u r in g  h y d ro c a rb o n  p ro d u c t io n  is 
one  e x a m p le  o f  a  com m on  p rob lem  involving a  coup led  rock deform atio ri-
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flu id  diffusion process. O th e r  ex am p les  are: a) wellbore s tab i l i ty ;  b) s a n d  
p r o d u c t io n  control; ; c) s ta b i l i ty  of perfo ra t ions ; d )hyd rau lic  f ra c tu r in g ;  e) 
c le a n -u p  of c o n ta m in a n ts  in th e  rock mass; and, f )w aste  d isp o sa l  in  d eep  
d ep o s its .
In reservoir  m odels  a n d / o r  s im u la tio n s ,  th e  role of th e  reservo ir  rock  is 
o f te n  l im ited  to th e ir  s to rag e  a n d  delivery  capab ili ties  [73|. I n te ra c t io n  b e ­
tw een  fluid flow a n d  rock d e fo rm a tio n  has , for the  m o s t  p a r t ,  b e e n  ignored . 
V a r ia t io n  of pore volum e is co n s id e re d  on ly  th ro u g h  th e  c o n v en tio n a l  rock  
c o m p re ss ib i l i ty  p a ra m e te r ,  C n  [5]. T h is  m eans t h a t  an y  n on linea r ,  t im e-  
d e p e n d e n t ,  m ass b eh av io r  of th e  rock m a tr ix  has been  d is reg a rd e d  th u s  re ­
d u c in g  m a tr ix  defo rm a tio n  to  a  s ingle  p a ra m e te r ,  C r , w hich in m o s t  cases  is 
c o n s id e re d  to  be c o n s ta n t .  If n o n - l in ea r  b eh av io r  of th e  m a tr ix  is im p o r ta n t ,  
as  i t  is in h igh po ros ity  nearly  co n so lid a ted  reservoir rocks, a s s u m p t io n s  of 
l in ea r  b eh av io r  uncoup led  w ith  fluid flow m ay  considerably  l im it th e  va lue  
o f  m o d e l solu tions. Hence, e v a lu a t in g  th e  relevance of coupled, n o n l in e a r  
p rocesses ,  d e te rm in in g  th e  e x te n t  to  w hich  they  a re  im p o r ta n t  in t im e  a n d  
space ,  a n d  w hen they  m ay  b e  safely igno red  safely a re  key p o in t s  o f  th is  
in v e s t ig a t io n .
To gain  insights in to  th e  im p o r ta n c e  o f  th e  defo rm ation -d iffu s ion  p h e ­
n o m e n a  for a  p a r t ic u la r  a p p lica t io n ,  several tools can  be  used:
1. field evidence of n o n lin ea r  rock  d e fo rm a tio n  a n d  failure ( su b s id en ce ,  
b o reho le  ins tab ili ties , san d in g ,  changes  in in-situ  s tresses over th e  life-
Lime o f th e  reservoir):
2. la b o ra to ry  te s ts  of fluid s a tu r a te d  rock  sam ples  s u b je c te d  to  fluid flow 
t h a t  im p ly  n o n lin ea r  de fo rm a tion  a n d / o r  coup ling  be tw een  fluid flow 
a n d  m a t r ix  d e fo rm a tio n ;  and ,
d. m a th e m a t ic a l  m odels  th a t  do in c o rp o ra te  the  coupling  of m u lt ip le  p h a se  
flow w ith  th e  rock s tre ss -s tra in  behav io r .
It is n u m b e r  3, th e  m a th e m a t ic a l  m ode lling  a sp e c t ,  t h a t  is ad d re ssed  in 
th is  d is s e r ta t io n .  However, in o rder  to  iden tify  re levan t effects th a t  o u g h t  to  
be in c o rp o ra te d  in th e  m a th e m a t ic a l  m odels ,  th e  o th e r  two issues need  to  
be s tu d ie d .  C e r ta in ly  th e  d ep en d e n cy  in som e cases of p e rm e ab il i ty  on p o re  
p ressu re  ch an g es  a n d  on  s t ra in  has  been s ta b l is h e d  [63]).
R ecen tly  th e re  has  been  som e effort to  deve lope  a  fu lly-coupled th e rm a l-  
h y d rau l ic -m e ch an ica l  m o d e l  t h a t  rea lis tica lly  rep resen ts  a  geological sy s tem . 
O n e  e x am p le  o f  th is  is th e  D E C O  VA LE X  p ro je c t  w hich is an  in te rn a t io n a l  
m u l t id isc ip l in a ry  effort in th is  d irec tion  [54j. T h is  p ro je c t  is o r ien ted  to ­
w ards  th e  d es ig n  o f  u n d e rg ro u n d  reposito ries . In o rd e r  to an a ly ze  such  a  
d isposa l sy s te m ,  w hich  is also safe, req u ire d  the  cou p lin g  of rock  m ass  s t a ­
bility, g ro u n d w a te r  flow, e x te rn a l  s tresses a n d  th e rm a l  in to  th e  m odel.
O th e r  ex is t in g  coup led  m u l t ip h a se  stress-flow m o d e ls  a re  b ased  on e i th e r  
a fu lly -coup led  a p p ro a c h  o r  a  m o d u la r  s t r u c tu r e  [99]. Li a n d  Zienkiew icz 
[66], Li e t  al. [65], Zienkiewicz an d  Sh iom i [131], Lewis and  Schrefler [61]
h ave  d eve loped  fu lly -coupled , f in ite  e lem en t m ode ls .  T h e se  m odels, based  on  
B lo t ’s p o ro c la s t ic i ty  th eo ry ,  to g e th e r  w ith  ’m i x t u r e ’ theory , consider th ree -  
p h a s e  im m isc ib le  flow. T o r t ik e  a n d  .411 [121], p re s e n t  a  m ode l th a t  considers  
n o n - iso th e rm a l  flow for cyclic s te a m  in jec tion  a p p l ic a t io n s .  T hese  m ode ls  
possess  th e  a c c u racy  a n d  v e rsa ti l i ty  offered by t h e  fin ite  e lem en t m e th o d ,  
b u t  th e  large c o m p u ta t io n a l  a n d  d ev e lo p m en ta l  effo rts  requ ired  limit th e ir  
use in reservoir  s im u la t io n s  [99].
In th e  m o d u la r  a p p ro a c h ,  conven tional s tre ss  a n a ly s is  codes  can be used  in 
c o n ju n c t io n  w ith  a s t a n d a r d  reservoir  s im u la to r .  T h e  co m p a tib i l i ty  be tw een  
th e  m o d u le s  is b a sed  o n  a  m odif ied  an d  e x te n d e d  exp ress ion  to acco u n t for 
th e  p o re  vo lum e ch an g e s  in th e  reservoir (S e t ta r i  [99]). V ariab les are  c a lc u ­
la te d  in d e p e n d e n t ly  in th e  s tre s s  a n d  flow m o d u le s  for each  t im e  s tep , a n d  
in fo rm a t io n  is t r a d e d  b e tw e e n  th e m ; coupling  is p e r fo rm e d  inc rem en ta lly  by 
i t e r a t in g  be tw een  m o d u le s  u n t i l  convergence is ach iev ed  for each tim e s tep .
E x am p les  o f  such  a  m o d u la r  a p p ro ac h  in c lu d e  th e rm a l  recovery of heavy  
oils (S e t ta r i  [99], T o r t ik e  a n d  Ali [120], F ung  e t  al. [37]) a n d  in te g ra te d  
f r a c tu re  m e ch ard cs -co n so lid a tio n  (S e tta r i  [100]). S e t ta r i  [99] uses a  th ree -  
d im e n s io n a l  fin ite  e le m e n t  co d e  for a  linearly  e la s t ic  rock  a n d  a  finite difference- 
b a se d  fluid flow s im u la to r .  In  th is  ap p l ica t io n  it w as  found  t h a t  the  solid m e ­
ch an ic s  ca lcu la t ion  d o m in a te s  in te rm s  of c o m p u te r  t im e  a n d  memory. T h is  
is b e c a u se  o f  th e  finer d is c re t iz a t io n  needed  to  ach ieve  sufficient accu racy  in  
th e  solid  m echan ics  c a lc u la t io n s  a n d  because  d i r e c t  solvers a re  typ ically  used
in fin ite  e lem en t codes as o p p o se d  to  m o re  efficient i te ra t iv e  solvers w hich a re  
c o m m o n  in reservoir eng inee r ing  codes. T h is  is ag g ra v a te d  w hen  n o n lin ea r  
rock  b eh a v io r  is to  be  co n s id e red  since, in such cases, a d d i t io n a l  i te ra t iv e  
or in c re m e n ta l  ca lcu la tions  a re  re q u ire d  to  follow non lin ea r i t ie s .  Moreover, 
w ork-so ften ing , p o s t-p e a k  beh av io r ,  cha rac te r ized  by a  d ow n-s lop ing  seg m en t 
in th e  s t re ss -s t ra in  curve of th e  rock, is ex trem ely  difficult to  use  w ith  finite 
e lem en ts .
F rom  w h a t  has been  d iscussed , it seem ed  th a t  m ore  re sea rch  w as needed  
co n ce rn in g  a rnethodoly  t h a t  cou ld  b e  practically  ap p l ied  to  m ode l m u l t i ­
p h a s e  flow coupled w ith  c o n s id e ra t io n  of non-linear b e h a v io r  of th e  p o ro u s  
rock  m ed ia .  T h e  fu n d a m e n ta l  rea so n  for this  is th e  in t r in s ic  com plex ity  in 
m o d e ll in g  a  nonlinear, w ork-so ften ing , p lastic  rock b eh av io r .  U n d e r  th is  
s e t  o f  c ircum stances ,  th e  exp lic it  L a g ra n g ian  finite d ifference te ch n iq u e  w ith  
d y n a m ic  re laxa tion  was t f io u g h t to be  a n  a l te rn a t iv e  w o r th  t ry in g  in th e  
t r e a tm e n t  of coupled n o n lin ea r  m a t r ix  deform ation-flu id  d iffusion  prob lem s, 
be c a u se  o f  its inheren t efficiency w hen  la rge  s tra in  p rob lem s, o r  s i tu a t io n s  in 
w h ich  ptiysical ins tab ili ty  of th e  solid  (failure) m ay o ccu r  [25], [58], [105].
1.2 Proposed approach
To co n s id e r  coupled d e fo rm a tion -d iffu s ion  processes for m u l t ip h a s e  flow ( th e  
so lid  b e in g  one  of th e  phases) ,  a n  a p p ro a c h  based on th e  e x p l ic i t  L ag ra n g ian  
fin ite-d iffe rence techn ique  for th e  s t re s s - s t ra in  analysis  is p ro p o sed .  T h e  m a in
fcHturcs o f  tlie th is  te ch n iq u e  a re  the  following:
•  L a g ra n g ia n  fo rm u la tio n  for the  solid s tra in  field;
•  ex p l ic i t  in te g ra t io n  o f  th e  m o tion  eq u a t io n  (N e w to n ’s s eco n d  law);
•  use o f  th e  d y n a m ic  re la x a t io n  technique;
•  use o f  a  finite d ifference schem e b ased  on c o n to u r  in teg ra ls  (using the  
G a u s s  d ive rgence  th eo rem ) for b o th  fluid flow a n d  so lid  d e fo rm a tio n .
.Applying th is  p ro c e d u re  to  m u lt ip h a se  flow im plies: a) exp ress ing  solid 
d e fo rm a t io n  a n d  fluid flow e q u a t io n s  in te rm s  of th e  f in ite  d ifference schem e 
c h a ra c te r i s t ic  o f  th is  m e th o d ,  b) coup ling  solid d e fo rm a tio n  a n d  fluid flow by 
inc lud ing  th e  m o m e n tu m  b a la n c e  of the  m ix tu re  ( in s te a d  of th e  solid alone) 
in th e  m o t io n  e q u a t io n  , a n d  by  in tro d u c in g  th e  u n d ra in e d  p o re  p ressure  
g e n e ra t io n  d u r in g  th e  d y n a m ic  re lax a tio n  procedure , a n d  c) so lv ing  the  flow.
T h e  c o d e  d ev e lo p ed  here  is re s tr ic ted  to p lane s t r a in  d e fo rm a t io n  o f  the  
rock, a n d  tw o -d im en s io n a l  tw o-phase  flow eq u a t io n s  for im m isc ib le  fluids. 
D a rcy ’s flow is a s su m e d  to  ho ld  an d  re la tive  p e rm e a b il i ty  a n d  cap illa ry  func­
tions o f  s a tu r a t io n s  a re  used.
Even th o u g h  th e  a p p ro a c h  p resen ted  here  resem bles th e  id ea  o f  a  m o d u la r  
ap p ro ac h ,  i t  a c tu a l ly  a c c o u n ts  for the  coupling  of th e  p rocesses  using  r igo r­
ous p o ro e la s t ic i ty  a n d  m ix tu re  theo ry  eq u a t io n s  as is d o n e  in  fu lly-coupled 
m odels.
O n e  key fea tu re  of th e  n u m erica l  a p p ro a c h  used here, is th e  con cep t of 
th e  d y n a m ic  re laxation  as in t ro d u c e d  by D ay [28] a n d  O t t e r  e t  al. [81] 
for s t r u c t u r a l  m echanics. T h e  d y n a m ic  re la x a t io n  te ch n iq u e  is a  p ro c e d u re  
t h a t  so lves th e  dynam ic  eq u a t io n s  o f  m o tio n  using a d a m p in g  fac to r  such  
th a t  a t  th e  lim it s ta t ic ,  o r  s te a d y - s ta te ,  equ i l ib r ium  is o b ta in e d .  T h e  t im e  
involved  in th e  ’d y n a m ic ’ ca lcu la t io n  is artificial; it is on ly  a  t im e  in te n d e d  
to  le t  t h e  s y s te m  v ib ra te  to  ach ieve  b a la n c e  of forces. By t h e  use of th e  
d y n a m ic  re la x a t io n  procedure , th e  m o m e n tu m  e q u a t io n  is a p p r o x im a te d  in 
a  g loba l m a n n e r ,  r a th e r  t h a t  locally. T h e re fo re ,  d isco n tin u it ie s  in th e  s tre ss  
field will n o t  affect th e  s tab i l i ty  o f  th e  n u m erica l  ca lcu la tion .  C o n s t i tu t iv e  
m o d e ls  w i th  th e  com plete  s t re s s - s t ra in  b e h a v io r  can be  co n s id e re d  even  if th e  
s t r e s s - s t r a in  cu rve  has a negative  s lope  following som e p e a k  s tre s s  difference 
(w ork -so ften ing ) .  T h e  inclusion o f  th e  in e r t ia l  te rm s  allow s t h e  g e n e ra t io n  
a n d  d is s ip a t io n  of kinetic energy  to  b e  d irec t ly  cons idered  a s  th e y  a re  in 
a  phys ica l  sy s tem . Hence, r u p tu r e  p ro p a g a t io n ,  which can  g ive rise to  th e  
g e n e ra t io n  o f  slip surfaces, can b e  m o d e l led  w ith o u t  loss o f  s tab ili ty .  I t  has  
b e e n  fo u n d  th a t  m any  finite e lem en t  m e th o d s ,  a t  best,  a re  d ifficult to  use 
a n d ,  a t  w o rs t ,  in a ccu ra te  w hen a p p l ie d  to  p rob lem s in w h ich  d e fo rm a t io n  is 
localized , i.e. w hen  shear b an d s  occur.
T h e  e x p l ic i t  in teg ra tion  of th e  m o t io n  e q u a t io n  im plies t h a t  c a lcu la tio n s  
a re  d o n e  w i th  know n in form ation  f rom  th e  im m ed ia te ly  s u r ro u n d in g  e lem en ts  
o r  n odes .  If th e  tim e s te p  is s m a l l  en o u g h , only th e  s u r ro u n d in g  nodes
will have an  influence. T h e re fo re ,  th e re  is a n  o p t im u m  sp e e d  a t  w h ic h  th e  
in fo rm a tio n  can  p ro p a g a te  in to  a  p a r t i c u la r  mesh, a n d  th is  s p e e d  s h o u ld  
be m a in ta in e d  a h e a d  of th e  p h y s ic a l  wave sp eed  for s tab i l i ty .  A c tu a l ly ,  th e  
C o u ra n t  co n d i t io n  [4] expresses  th i s  fac t a n d  if the  t im e  s te p  ex ce ed s  th is  
cond it ion ,  th e  schem e will be u n s ta b le .
T h e  ex p l ic i t  schem e for in v o k in g  th e  s tre s s -s t ra in  b e h a v io r  o f  th e  rock  
has  th e  a d v a n ta g e  o f  no t re q u ir in g  la rg e  m a tr ice s  to be  s to re d  a n d  in v e r te d .  
T here fo re ,  m e m o ry  req u ire m en ts  a re  sm all.  However, th e  p rice  p a id  is t h a t  
sm all t im e  s te p s  a re  required a n d ,  consequen tly ,  a large n u m b e r  of i t e r a t io n s  
a re  d e m a n d e d .  T h is  is w hy e x p l ic i t  m e th o d s  are  b es t  for n o n l in e a r ,  la rge  
s t ra in  p ro b le m s  th a t  m ay  u n d e rg o  phys ica l  ins tability . E x p l ic i t  m e th o d s ,  
however, a re  n o t  efficient for m o d e ll in g
linear, sm all  s t ra in  system s. T h e  exp l ic i t  schem e is on ly  u sed  for t h e  so lid  
m echan ics  p o r t io n ;  for th e  fluid flow p a r t  of th e  code, N e w to n ’s i t e r a t i o n  is 
used, w hich is a  fu lly-im plicit m e th o d .
T h e  s p a t ia l  d ifferen tia t ion  c h a ra c te r i s t ic  o f  th is  a p p ro a c h  is b a s e d  o n  
G a u s s ’s d ive rgence  theo rem  or, v iew ed  in a  d ifferent way, on th e  in teg ra l  
defin ition  of a  p a r t i a l  de r iva tive  (W ilk in s  [128]). T h is  involves a p p r o x i m a t ­
ing th e  value  o f  any  vector g r a d ie n t ,  o r  function , over a  d is c re te  p o r t i o n  of 
th e  m e d iu m  b y  a  con tou r  in te g ra l  over a  c lo sed -b o u n d a ry  s u r r o u n d in g  th e  
a re a  o f  in te re s t .  T h is  m e th o d  h a s  a n  a d v a n ta g e  over co n v en t io n a l  f in i te  d if­
ference schem es  based  on T ay lo r  series  e x p an s io n s  in t h a t  i t  is n o t  r e s t r i c t e d
Lo r e c ta n g u la r  grids. E lem en ts  of any sh ap e  (or n u m b e r  of sides) can  be  
considered  a n d  a n y  m a te r ia l  p ro p e r ty  can be ass ig n ed  to them .
B oth , e le m e n t-c e n te re d  a n d  node-cen tered  der iva tive s  can  b e  re p re s e n te d  
th ro u g h  a  c o n to u r  in teg ra l along the  b o u n d a ry  o f  th e  e lem en t ,  o r  a lo n g  a  
p resc r ibed  p a t h  crossing  different elem ents. T h is  d ifferencing  sch em e  is n o t  
th e  sam e  as th e  fin ite  vo lum e m e th o d  [15], or the  in teg ra l  m e th o d  b eca u se  th e  
derivat ives  in  th e  d ifferentia l eq u a t io n s  a re  a p p ro x im a te d  ins ide  each  e le m e n t  
or pa th ,  n o t  th e  d ifferen tia l equa t ion  itself.
F rom  th e  p o in t  of view o f  calcu la ting  fluid velocities  (specific d isch a rg e  
vector) u s in g  D a rc y ’s e q u a t io n ,  tliere is no need  to  a p p ro x im a te  th e  in ­
te rb lock  t ran sm iss ib il i t ie s ,  as in finite volum e o r conven tiona l  h n i te  d iffer­
ences schem es. T h is  is cons idered  n a tu ra l ly  by th e  co n to u r  o p e r a to r  w hich  
a p p ro x im a te s  th e  g ra d ie n ts  (see C h a p te r  2).
T h is  s im p le  d ifferencing m e th o d , to g e th e r  w ith  th e  use of ex p lic i t  in te g ra ­
tion  in t im e , w as th e  b ase  o f  th e  early L agrang ian  ’h y d ro c o d e s ’ d ev e lo p ed  for 
c o m p u tin g  la rge  d e fo rm a tio n  dynam ic  responses o f  ine lastic  co n tin u a .  T h e  
d e v e lo p m en t  of th e  ’h y d ro c o d e s ’ s ta r te d  in the  5 0 ’s a n d  som e ex a m p le s  a re  
th e  codes b y  W ilk in s  [128], M aenchen  an d  Sack [68] a n d  H an co ck  [47], a m o n g  
o thers .
T h e  s c h e m e  o f coup ling  th e  diffusion an d  th e  d e fo rm a tio n  p rocesses  is 
p e rfo rm e d  s e q u e n t ia l ly  for each tim e step: th e  so lid  d e fo rm a tio n  to g e th e r  
w ith  th e  u n d r a in e d  response  o f  the  sy s tem  (changes  in p o re  p re s su re  a n d
s a tu ra t io n  d u e  to  th e  solid volum etric  s t ra in )  a re  co n s id e red  d u r in g  w h a t  
has been  called  th e  'm e c h a n ic a l ’ portion  of th e  code. E q u i l ib r iu m  is achieved 
u n d er  these  co n d it io n s  for which a series o f  p seudo  t im e  s te p s  a re  required. 
T h e n  th e  f lu id ’ p o r t io n  of th e  code is called an d  th e  d iffusion  process  takes  
p lace in real time. T h e  changes  in s a tu ra t io n  a n d  p re s su re  t h a t  o ccu r  will 
p u t  th e  sy s tem  o u t-o f -b a lan ce  again. T here fo re ,  a  new  s e t  of m echanica l 
pseudo t im e  s teps  a re  needed  to  equ ilib ra te  th is  new co n d i t io n ,  a n d  so on, 
a n d  so on. T h is  p ro c e d u re  s im ula tes  th e  t im e  scale  in w h ich  m echan ica l 
an d  diffusion p rocesses  take  place: th o u g h  m echan ica l d e fo rm a t io n  can  be 
p rac tica l ly  in s ta n ta n e o u s  (o rder  of milliseconds), fluid flow can  ta k e  days, 
weeks o r  even years. T im e-d ep e n d en cy  in th e  rock b e h a v io r  can  also be 
inc luded  [25], a l th o u g h  th is  is o u t  of th e  scope o f  th is  d is se r ta t io n .
. \n y  of th e  tech n iq u es  for t im e  d iscre t iza tion  co m m o n ly  u sed  in reservoir 
engineering , such as IM P E S , sequen tia l a n d  im plic it  m e th o d s  [5], can  be 
u tilized in c o m b in a t io n  w ith  th e  spa tia l  a p p ro x im a t io n s  p a r t i c u la r  to th is  
m e th o d . In th is  work, a  fully-implicit (u n co n d it io n a l ly  s ta b le )  schem e for 
the  t ra n s ie n t  flow is im p lem en ted .
1.3 O bjectives of the research
T h e  goals o f  th is  d is s e r ta t io n  a re  the  following:
I. D evelop a  code to  m ode l coupled tw o-phase  flow o f im m isc ib le  fluids in a  
d e fo rm ab le  p o ro u s  m ed ia  using th e  explic it  L a g ra n g ian  finite-difference
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te c h n iq u e  w ith  d y n am ic  relaxation .
2. Inc lude  a  s tre s s -s t ra in  rock behav io r  in w h ich  linearly  elastic  b eh a v io r  
is followed by a  l inear  w ork-softening b ra n c h  a n d  by T resca  p lastic ity .
I
3. D e te rm in e  flow, s a tu ra t io n  an d  po re  p re s su re  a n d  s tress  p a t te rn s .
4. Use th e  co d e  to s tu d y  applied  p rob lem s su ch  as c o m p ac tio n  of a  re s e r ­
voir.
.5. P e rfo rm  p a ra m e tr ic  s tud ies  to te s t  th e  ab i l i ty  o f  th e  m ode l to d e te rm in e  
th e  re lev an ce  of th e  deform ation-d iffusion  (po ro e la s t ic )  effects.
‘To save repeated complex verbalization, for the rest of the dissertation, this rheology 
(constitutive condition) will be referred to as "trilinear elasto-plastic” or more simply 
trilinear behavior, ft should be urderstood that this use is only for convenience and in a 




T h e  liLerature  review p r im ar i ly  d escr ibes  the  charac te r is t ics  of m odels  t h a t  
co n s id e r  coup led  m u l t ip h a se  How in deform ing  porous m edia . Finally, so m e  
p rev io u s  codes , based  on th e  L ag ra n g ian  Hnite-diference m e th o d  w ith  d y ­
n a m ic  re la x a t io n ,  are  briefly described .
2.1 Coupled m odels for m ultiphase flow in  
deform ing porous m edia
T h e  first co ns is ten t th eo ry  fo rm u la tin g  the  coupled d if fu s io n -d e fo rm atio n  
p ro cesse s  in fluid filled p o ro u s  m a te r ia ls ,  th e  theo ry  of p o roe las t ic i ty ,  w as  
p re s e n te d  by  Biot [8], [9], [11], [10]. T h is  theo ry  is an  im p ro v e m e n t  over th e  
e a r ly  w ork  of T erzaghi [117] w ho  o n ly  considered  th e  o n e -d im en s io n a l  c o n so l­
id a t io n  o f  fluid filled soil m asses. O ver  th e  years, th e  p o ro e la s t ic  th e o ry  h a s  
b e e n  e n r ic h e d  by several fu n d a m e n ta l  so lu tions  an d  re fo rm u la tio n s  (R ice a n d  
C le a ry  [92], Rudriicki [95],[96], C h en g  a n d  Ligget [27], D e to u rn a y  a n d  C h e n g
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[30|, C lea ry  [21)) t h a t  have  fac ili ta ted  a  way to  sole com plex  prob lem s.
A n o th e r  a p p ro a c h  to derive  a theo ry  for a  fluid s a tu r a t e d  so lid  is p rov id ed  
by  th e  so-called  m ix tu re  theory.  T h is  th e o ry  was in t ro d u ced  in  1960 by T ru es-  
dell a n d  T ou p in  [120|. T h e y  use th e  concep ts  o f  s u p e r im p o se d  co n t in u a  a n d  
v o lu m e  fractions , a n d  derive  m echan ica l a n d  th e rm a l  field e q u a t io n s  for each  
c o n s t i tu e n t  by a llow ing m ass, m o m e n tu m  an d  energy  in te ra c t io n s .  Based o n  
T ru e s d e l l ’s work. G reen  a n d  N ahgdi [41], G reen  [42], an d  B ow en [12] fo rm u ­
la te  theo rie s  for no n - l in ea r  diffusion o f  fluid-fluid an d  flu id-so lid  m ix tu res .  
P ré v o s t  [90] p ro v id es  an  ex tension  by considering  no n - l in ea r  an e las t ic  fluid 
p e r m e a te d  p o ro u s  m ed ia .  Zienkiewicz a n d  Shiom i [129] a n d  M eroi e t  al. [7.5] 
p re s e n t  th e o re t ic a l  a n d  c o m p u ta t io n a l  a sp ec ts  o f  large s t r a in  s ta t i c  and  d y ­
n a m ic  s a tu r a t e d  a n d  s e m i-sa tu ra te d  po rous  m edia ,  from th e  m ix tu re  th e o ry  
p o in t  o f  view, us ing  B iot p o roe las t ic i ty  concepts .
In th e  op in ion  o f  several a u th o rs  (D erski [29], E h ler  a n d  K ub ik  [35], 
Z ienk iew icz  a n d  S h iom i [129], D e to u rn a y  a n d  C heng  [30]), b o th  lines o f  
d e r iv a t io n s  lead to  essen tia lly  equ ivalen t equa tions .  H ow ever, th e  m ix tu re  
th e o ry  is been  cons idered  a  m ore  sy s te m a tic  a p p ro ac h  to  t h e  der iva tion  o f  
b a la n c e  e q u a t io n s  o f  m u l t ip h a se  m ed ia  m odels  [35]; and , in  a  way, confirm s 
th e  co r rec tn ess  of B io t ’s fo rm ulation . O verall, th e  f ram ew ork  o f  n -c o m p o n e n t  
m ix tu re s ,  the  solid  be ing  one o f  these  co m p o n en ts ,  is p a r t i c u la r ly  su ita b le  in  
a p p l ic a t io n s  r e la te d  to  h y d ro ca rb o n  recovery.
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2 .1 .1  F u lly -cou p led  a n a ly tic a l an d  se m i-a n a ly tic a l m od ­
e ls
Several a u th o rs  have analy tica lly  s tu d ie d  coupled flow an d  d e fo rm a tio n  of th e  
p o rous  m e d iu m  around  boreholes  for s tab i l i ty  a sse ssm en t pu rposes .  M ost 
of th e se  s tud ie s  were s ing le -phase , iso therm al,  incom press ib le  a n d  s teady -  
s t a t e  flow developm ents, l im ited  to  h y d ro s ta t ic  in -s itu  s tress  field conditions . 
P as lay  a n d  C h e a tm a n  [86] s tu d y  th e  s ta t e  of s tress  a ro u n d  th e  bo reho le  w hen 
inflow ex is ts .  Radial changes in p e rm e ab il i ty  are  considered , b u t  n o t  p la s t ic ­
ity. R u d n ic k y  e t  a l .[95] develope a n  an a ly tica l  so lu tio n  for e la s to -p las t ic i ty  
a ro u n d  a  borehole  considering s te a d y - s ta te  flow cond itions ; p e rm e ab il i ty  is 
a llow ed to  vary  with th e  rad iu s  b u t  sy m m e try  of s tresses a ro u n d  the  well 
axis is a s su m ed .  These a u th o rs  show  how increas ing  flow ra te s  increases th e  
e x te n t  o f  th e  p lastic  or yield  zone a ro u n d  th e  boreho le .  T h e y  also d e te rm in e  
cr it ica l flow ra tes  an d  a  s tab i l i ty  c r i te r ion  for an  a x ia l- sy m m e tr ic  geom etry. 
W ang  a n d  D usseault [127] p re s e n t  a  p o ro -e la s to p las t ic  m o d e l  considering  
s te a d y  fluid flow for a M o h r-C o u lo m b  s tra in -w eaken ing  m a te r ia l .  M cLellan 
a n d  W a n g  [76] ex tend  this m ode l a n d  s tu d y  b o reho le  in s ta b i l i ty  p rob lem s 
co n s id e r in g  a  poro-e lastop las tic  m a te r ia l  (w ith  a M o h r-C o u lo m b  yield c r i te ­
ria) a c c o u n t in g  for the  effects of changes  in s te a d y - s ta te  p o re  p ressu re  nea r  
th e  w ellbo re  in the  elastic an d  p la s t ic  zones, in te rn a l  fil tercake a n d  o il-based 
m u d  c a p i l la ry  th resho ld  p ressure . T h e  effect of th e  f il tercake p e rm e ab il i ty  
a n d  its  r a t io  to the  fo rm ation  p e rm a b i l i ty  (in th e  e las t ic  a n d  p la s t ic  zones)
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a re  assesed . T h e  influence of f iltercake th ickness an d  its  a b i l i ty  to  reduce 
inflow on  p la s t ic  yield rad ius  are  s tu d ie d  by these a u th o rs  a s  well.
T h e  t r a n s ie n t  in the  coupled p ro b lem  a ro u n d  a b o reh o le  is s tu d ie d  by 
D e to u rn a y  a n d  C hen g  [32] by using th e  poroe lastic ity  th e o ry  for a  boreho le  
in a  n o n -h y d ro s ta t ic  stress  field. R esu lts  show th a t  failure is in i t ia te d  inside 
of th e  m e d iu m  a n d  no t a t  the  bo reho le  wall, a n d  also, th a t  de layed  instab ilies  
can  o c c u r  d u e  to  poroe lastic  effects.
2 .1 .2  F u lly -co u p led  n u m erica l m odels
O n e  se t o f  m ode ls  w ith  a  com m on th e o re t ic a l  basis an d  fo rm u la t io n  is e x ­
em plified  by th e  works of Li a n d  Zienkiewicz [66], Li e t al. [65], Zienkiewicz 
a n d  S h iom i [131], Schrefler e t  al. [97]. T h e  form ulation  o f  these  m ode ls  is 
d eve loped  w ith in  th e  fram ew ork of c o n t in u u m  theory  of m ix tu re s  [7], [6], [48], 
[49], u s ing  a  spa tia l ly -ave raged  ap p ro ac h .  T hese  m odels ta k e  in to  acco u n t 
rock m a t r ix  a n d  fluid com pressib ili ty  b ased  on B io t’s p o ro e la s t ic i ty  theory. 
C ap i l la ry  forces be tw een  fluids are  considered  and  D arcy ’s law  for m u l t ip h a se  
flow is a s su m e d .  Pore p ressu re  is t r e a te d  e i th e r  by ta k in g  an  average  over 
th e  po re  s p a c e  a n d  weighting it by  th e  s a tu ra t io n  of each  c o m p o n e n t ;  o r  by 
cons ide r ing  ’p e r fe c t ’ w e ttab ili ty  o f  th e  rock  so th a t  only  o n e  fluid, usually  
w ate r ,  is in c o n ta c t  w ith  the  rock, so th e  po re  p ressu re  eq u a ls  th e  w a te r  
p ressure .  T h e  fin ite  e lem ent m e th o d  is used  in all th e se  m odels . Several 
t im e  in te g ra t io n  p rocedu res  a re  used  to  deal w ith  th e  t r a n s ie n t  ca lcu la tions . 
T h ese  m o d e ls  consider  s a tu ra te d  o r  u n s a tu r a t e d  porous m e d ia  [97], a n d  the
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d y n am ics  of th e  po ro u s  m e d ia  [131|.
W i th in  th is  co n tex t ,  Li [67] a n d  Li e t  al. [65] develope a  m o d e l  for im ­
m iscible tw o -p h ase  flow in a  po rous  m e d iu m , which was la te r  g en e ra l iz e d  to 
m u l t ip h a se  flow by Li a n d  Zienkiewicz [66]. A. generalized G a le rk in  p ro c e d u re  
is followed to  d isc re t ize  th e  govern ing  eq u a t io n s .  For th e  case  o f  tw o -p h ase  
flow p lus  d e fo rm a t io n  o f  th e  p o ro u s  m e d iu m , the  govern ing  e q u a t io n s  are  
com bined  such  t h a t  two no n lin ea r  m ass  b a lan ce  equa t ions  for th e  tw o fluids, 
and  o n e  m o m e n tu m  b a la n c e  e q u a t io n  (d y n am ic  eq u a t io n  o f  m o t io n )  for the  
w hole m ix tu r e  a re  o b ta in ed .  T h e s e  eq u a t io n s ,  to g e th e r  w i th  D a r c y ’s flow 
e q u a t io n s  for each  fluid, a n d  th e  c o n s t r a in t  given by the  c a p i l la ry  p ressu re  
be tw een  th e  fluids co m p le te  th e  s y s te m  of coupled  eq u a t io n s .  In  th is  work, 
two ty p e s  of so lu t io n  in th e  t im e -d o m a in  a re  presented: a n  u n c o n d i t io n a l ly  
s ta b le  s ta g g e re d  so lu tion  [66], a n d  an  uncond it iona l ly  s ta b le  d i r e c t  in te g ra ­
tion sch em e  [132], [133]. T h e  s ta g g e re d  so lu tion  is possible  o n ly  w ith  linear  
d isp la cem e n t (four node) e lem en ts  for th e  fluid a n d  the  so lid  a n d  is m ore  
econom ic  co m p u ta t io n a l ly .  However, w ith  the  d irec t in te g ra t io n  so lu tion , 
d iverse  so lid-flu id  e lem en t m eshes  a re  used  successfully. A p p l ic a t io n s  of th e  
codes d ev e lo p ed  by  th e se  a u th o rs  a re  l im ited  to  very s im p le  ex am p les ,  so 
these  codes  have  n o t  been  te s te d  in reservo ir  s im ula tion  m o d e ll in g .  M ost 
of th e  fo rm alism  p re sen te d  in Li e t  al. [65] for tw o-phase  flow in d e fo rm in g  
p o rous  m e d ia  is followed in th is  d is s e r ta t io n  a n d  is p re sen te d  in  m o re  d e ta i l  
in C h a p te r  4.
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A n o th e r  fo rm alism  is t h a t  presented  by Lewis an d  Schrefle r [61] an d  fol­
lowed by o th e rs  [62], [112]. T h e  m ain  difference from  Li e t  al. [65] s tem s  
from th e  way in w hich  th e  governing eq u a t io n s  a re  e s tab l ish ed .  In th e  form er 
case (Li et al.), th e  th e o ry  o f  m ix tu res  d irec tly  led to  th e  ex p ress io n s  of m ass  
ba lance  a n d  m o m e n tu m  for th e  phases an d  for th e  m ix tu re .  O n  th e  o th e r  
h an d ,  in th e  fo rm u la t io n  by Lewis an d  Schrefler [61] the  te rm s  c o n t r ib u t in g  
to  th e  ra te  o f  fluid a c c u m u la t io n  were p o s tu la te d ;  th e  in e r t ia l  te rm s  of the  
m o m e n tu m  e q u a t io n  a re  ignored. Also, D a rc y ’s law was a s s u m e d  valid, b u t  
in te rm s  of absolute  flu id  velocity. C o n tra ry  to  th is,  Li e t  al. [65] consider  
re la tive  fluid velocities  w i th  respect to  th e  solid  velocity. For subsidence  
a n d  reservoir p r o d u c t io n  problem s, w here  sm all rock m a tr ix  d e fo rm a tio n s  
a re  ex p ec ted ,  th e  a b s o lu te  fluid velocity is considered  re liab le  en o u g h  [61]. 
However, w henever  th e  solid  grain  velocity is e x p ec ted  to b e  s ignificant in 
re la tion  to th e  flu id  velocity , th e  relative velocity  o f  th e  fluid a n d  th e  solid 
m a tr ix  shou ld  be  co n s id e re d  [9], Such cases cou ld  be, for ex a m p le ,  d y n am ic  
prob lem s, o r  w hen  p la s t ic  o r  finite defo rm a tio n  is p resen t.
Lewis a n d  S u k i rm a n  [62] p resen t a  num erica l s im u la tio n  for th ree -d im e n s io n a l  
th ree -p h ase  flow in a d e fo rm in g  s a tu ra te d  oil reservoir, following Lewis a n d  
S chrefle r’s fo rm u la t io n  [61]. A gain  th e  finite e lem en t m e th o d  is used, b u t  in 
th is  case  for an  e la s t ic -p la s t ic  porous m ed ium , w ith  a  M o h r-C o u lo m b  yield  
surface. T h e  so lu t io n  o f  th e  sem i-discretized eq u a t io n s  is o b ta in e d  w ith  a 
d irec t  solver by a s s u m in g  sm all  s trains. T h e  m o d e l by Lewis a n d  S u k irm a n
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[62] is ab le  lo c a p tu r e  m o s t  o f  th e  essence o f  a  conven tiona l black-oil reservoir 
s im u la to r  [5|; it u ses  ty p ica l  variables in reservoir engineering , namely, for­
m a tio n  volum e fac to rs ,  so lu tion  fac to r  for th e  gas, cap i l la ry  p ressure  curves 
a n d  re la tive  p e rm e ab il i t ie s  a n d ,  in add ition , the  d e fo rm a tio n  o f  th e  po rous  
m ed iu m  is r igorously  ta k en  in to  account following B io t ’s po roe las t ic i ty  th e ­
ory.
As an  ap p l ic a t io n  p rob lem , these  au th o rs  s tu d ie d  a  th ree -p h ase  coning 
case. T h e i r  resu lts  in d ic a te  a  reduction  in b o th  G O R  (gas-oil ra tio) an d  
w a te r  cut.  for th e  p a r t i c u la r  case of the  u n co n so lid a ted  m a te r ia l  s tud ied ,  
in com parison  w ith  resu lts  w hich do not consider  com pac tion .  T h e y  also 
p o in t  o u t  th a t  for rocks  w i th  h igher Y oung’s m odu li ,  th e  values of reservoir 
c o m p ac tio n  a t  th e  to p  o f  th e  reservoir can be a s su m e d  to be zero. T h ese  
resu lts  m a tch  th e  e x p e c te d  reservoir engineering p e rfo rm ance .  T h is  paper ,  
un fo r tu n a te ly ,  does  n o t  a d d re ss  th e  idea th a t  som e a rea s  of th e  reservoir rock 
m ay  be su b je c te d  to  p la s t ic  flow. T h ey  d id  no t  m ode l th e  s i tu a t io n  nea r  th e  
boreho le  w here  th e  m o s t  cri t ica l conditions in te rm  o f stresses a n d  flow a re  
p resent.
I t can  be  e x p e c te d  t h a t  th e  reservoir rock will p re se n t  a l te red  p a t te r n s  of 
p e rm e ab il i ty  in a  p la s t ic  zone. N e ither  was co n s id e ra t io n  of th e  var ia tion  of 
p e rm e ab il i ty  due to  s tre ss  changes  included. T h e  a u th o rs  d id  n o t  m e n tio n  
th e  c o m p u ta t io n a l  r e q u ire m e n ts  nor th e  C P U  tim e. T h is  is a  very im p o r ta n t  
issue if th e se  k inds  o f  m o d e ls  a re  going to  c o m p e te  w ith  o th e r  available
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reservoir  s im u la to rs .
B o th  a p p ro a c h e s ,  Li e t al. [66] an d  Lew is a n d  Schrefler [61], w ind up 
co n ta in in g  s im i la r  te rm s .  In fact, co m p a r in g  resu lts  for th e  p rob lem  of a 
co lum n o f soil w ith  tw o-phase  flow ind ica te  ex ce llen t  a g re e m e n t  betw een the  
two a p p ro a c h e s  [62].
.•\ th i rd  g ro u p  of m odels  is p resen ted  by T o r t ik e  a n d  .'\li [121], [120] for 
th re e -d im e n s io n a l  m odelling  of th e  flow o f  w a te r ,  oil a n d  gas, including  s team , 
w ith  h ea t  flow a n d  s im u ltaneous  reservoir d e fo rm a tio n .  T h ese  m odels were 
developed  to  a d d re s s  th e  prob lem  of th e rm a l  recovery  (cyclic s team ing) of 
heavy  oil in C a n a d ia n  ta r  sands. T h ey  are  b a se d  on ba lan ce  equa t ions  for 
h e a t  a n d  m a ss  t r a n s fe r  an d  equations  for so lid  m ech an ica l  equilibrium . T h e  
fluid flow, e n e rg y  a n d  cons ti tu tive  e q u a t io n s  a re  coup led  th ro u g h  the  bulk  
velocities ( re la t iv e  velocity  betw een solid a n d  fluids). T h e  sa n d  was m odelled 
as an  e la s t ic -p e rfe c t ly  p lastic  m ateria l .  T h e  a s s u m p tio n  of incom pressible  
solid g ra in s  (B io t 's  p a ra m e te r  a  =  1) was cons ide red ,  w hich seems to be 
ju s tif ied  for t h e  ty p e  o f  unconso lida ted  s an d  reservo irs  be ing  modelled. As a 
resu lt ,  th e  so lid  d en s i ty  is considered to be  a  fu n c tio n  o f  t e m p e ra tu re  only. 
Pore  p re s su re  w as  se t  eq u a l  to th e  w ater  p ressu re .
T h e  d is c re t iz a t io n  in  space was done by t h e  fin ite  e lem en t m e th o d  using 
G a le rk in ’s w e igh ting  techniques. T h e  re su l t in g  s y s te m  of eq u a t io n s  is solved 
in t im e  us ing  th e  N ew to n -R ap h so n  i te ra t iv e  te ch n iq u e  for th e  m odel p re ­
sen ted  in re fe rence  [121]. T h e  au th o rs  o u t l in e  th e  s u b s ta n t i a l  co m p u ta tio n a l
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re sou rces  requ ired  to solve th is  p rob lem . Several o th e r  p a p e rs  pub lished  in 
th e  s a m e  line of research, t ry in g  d iffe ren t num erica l ap p ro ac h es ,  a re  p resen ted  
by . ' \k ta n  an d  .Ali [2], .Ali a n d  B lunschi [3].
2.2 Codes based on the explicit finite differ­
ence technique w ith  dynam ic relaxation
T h e  so lid  m echanics p o r t io n  o f  th e  exp lic it  finite difference code  p resen ted  
in th is  d is se r ta t io n  is b a sed  o n  codes  p resen ted  by Silling [105|, a n d  C u n d a l l  
[25]. T h e  sam e type  of s p a t ia l  d ifferencing  schem e based  on th e  G auss  d ive r­
gence  th e o re m  and  explic it  in te g ra t io n  o f  th e  m o tion  e q u a t io n  w ith  d y n am ic  
re la x a t io n  used in these  codes  is followed here.
S ill ing  [105] s tud ied  la rge d e fo rm a tio n s  o f  b o th  com press ib le  an d  in co m ­
p ress ib le  e lastic  bodies, us ing  th e  genera l  th e o ry  o f  fin ite  e la s t ic i ty  [43]. His 
code  (C H IM P )  is a pu re ly  so lid  m echan ics  code, o r ie n te d  to  s tu d y  localiza­
t ion  a n d  phase  changes in th e  govern ing  eq u a t io n s  of e las t ic  solids. T h is  
code  is se t  up  w ith a  to ta l  L a g ra n g ia n  fo rm ula tion , in te rm s  o f  th e  Piola, or 
n o m in a l  s tre ss  tensor field [70]. D efo rm atio n  g rad ien ts  a re  used  as m easures  
of th e  solid  s tra in .  E lem en ts  u sed  a re  q u ad r i la te ra ls .  T h e  ty p e  o f  d a m p in g  
u sed  in  th e  m otion  eq u a t io n  is veloc ity  p ro p o r t io n a l .  T h e re  is a n  ad d i t io n a l  
ve loc ity  t e rm  in troduced  in  th e  m o t io n  e q u a t io n  to g e th e r  w ith  a  fac to r  /?, 
u sed  to  p rov ide  critica l d a m p in g  for th e  system . T h e  cr it ica l d a m p in g  is o b ­
ta in e d  by  e s t im a t in g  th e  fu n d a m e n ta l  frequency  of th e  grid , considering  th e
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a p p ro x im a te  t r a n s i t  t im e  for in f in ite s im al waves th ro u g h  th e  e n t i r e  w id th  of 
th e  m esh , e.g. p  = n c j 2 L ,  w here  c is the  a rea-average w ave  s p e e d  in the  
m esh  an d  is a  c h a ra c te r i s t ic  leng th . In cases in w hich  d a m p in g  in the  
s y s te m  does no t  re sp o n d  to  th is  app ro x im atio n ,  a  refined e s t i m a t e  of the  
d y n a m ic  re laxa tion  p a r a m e te r s  is used, based on an  a lg o r i th m  p re s e n te d  by 
P ap a d ra k a k is  [S3|, w hich  c a n  a u to m a t ic a l ly  a d ju s t  the  d a m p in g .  H ourg lass- 
ing is contro lled  by u s in g  sm a l l  res is tive  forces from a n  a lg o r i th m  sim ilar 
to th e  one p resen ted  by  H an co ck  [47], a l th o u g h  in C H IM P  th e  a lg o r i th m  is 
based  on d isp lacem en ts  r a th e r  th a n  velocity.
Silling [105] a d a p ts  t h e  ex p l ic i t  finite difference m e th o d  w i th  t h e  inc lu ­
sion of finite d e fo rm a tio n s  in a  th e o re t ic a l  s tu d y  of the  c o n d i t io n s  p revailing  
a ro u n d  a fracture , o r  c rack ,  in a  p last ica l ly  deform ing m a te r i a l  [105]. T h e  
e q u a t io n s  describ ing  th is  p ro b le m  a re  elliptic if m a te r ia l  b e h a v io r  is linear 
e lastic  a n d  change  to  p a r a b o l ic  o r  hyperbo lic  w hen  y ie ld ing  o ccu rs .  O th e r  
a p p l ica t io n s  inc lude th e  p r o p a g a t io n  o f  shear  b an d s  in a  so il b lock  u n d e r  
com pression , an d  neck ing  in e la s t ic  b a rs  [102].
.\ very in te res ting  a p p l ic a t io n  o f  S ill ing’s p lan e  s t r a in  c o d e  is th e  one 
p ro v id ed  by B urridge  [14] for s lope  s tab i l i ty  analyses of soils in sm a ll  scale 
cen tr ifuge  experim en ts .  B u r r id g e  is ab le  to track  slip su rfaces  in  t h e  slopes 
w i th o u t  inducing  any  a r t i f ic ia l ly  w eak e lem ent in th e  m esh . A t r i l in e a r  m a ­
te ria l  behav io r  was co n s id e red ,  inc lud ing  the  increase o f  th e  s tif fness  of th e  
soil w ith  confining p re s su re ,  a n d ,  hence , d e p th  for a  slope u n d e r  g ra v i ta t io n a l
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loading .
In th e  tw o-d im ensional vers ion  o f  C u n d a l l ’s [25| code (F L A G ), e lem en ts  
u sed  a re  c |uadri la te ra ls  b u t  th e y  a re  in te rn a lly  su b d iv id e d  in to  tr iang les  in 
o rd e r  to  avoid  hourglass  p rob lem s  ^ T h e  m ixed  d isc re t iza tion  p ro c e d u re  [69| 
p e rm i t s  a c c u ra te  m odeling of p la s t ic  b eh av io r  w ith o u t  th e  typ ica l  'm esh- 
lock ing ' p ro b le m  [77|. T h e  d a m p in g  p ro c e d u re  is no t velocity  p ro p o r tio n a l  
b u t ,  r a th e r ,  p ro p o r t io n a l  to  th e  m a g n i tu d e  of th e  out-of-balance force  a t  
each  node. T h e  d am p in g  force d irec tio n  is such th a t  energy  is alw ays d is­
s ip a te d .  T h is  is an e n h a n c e m e n t  over th e  velocity p ro p o r t io n a l  d am p in g  
used  in S ill ing 's  codes which in t ro d u ces  b o d y  forces th a t  can  overshadow  the  
fa ilure  process.
^This topic will be addressed further in chapter 3
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Chapter 3 
Explicit Lagrangian Finite 
Difference Technique
3.1 Introduction
T h e  so lu tio n  o f  a n  in i t ia l /b o u n d a ry  va lue  p rob lem , under  c o n t in u u m  m e ­
chan ics  h y p o th e ses ,  includes th e  fo rm u la t io n  of conservation  e q u a t io n s .  In 
a d d i t io n ,  c o n s t i tu t iv e  eq u a t io n s  a re  n e e d e d  to  define a p a r t i c u la r  m a te r ia l  
l)ehavior th a t  is be ing  considered. To c o m p le te  th e  se t of eq u a t io n s ,  i t  is also 
n ecessa ry  to  define  the  g eom etry  o f  th e  p ro b lem , as  well as th e  b o u n d a r y  
cond itions .  T h is  se t  of laws a n d  co n d i t io n s  to g e th e r ,  referred to  as g o v ern in g  
e q u a t io n s ,  m ig h t  b e  very difficult to  so lve analy tically . T here fo re ,  n u m e ric a l  
te ch n iq u es  a re  u sua lly  used to o b ta in  a p p ro x im a te  answ ers to  p ro b le m s  w i th  
c o m p lic a te d  in i t ia l  a n d  b o u n d a ry  cond itions .
O n e  of th e  o ldest ,  a n d  m ore  w idely  used , num erical te cn iq u es  to  solve 
i n i t i a l /b o u n d a r y  value  p rob lem s is th e  fin ite  difference tech n iq u e  [52]. T h e  
g o v ern ing  e q u a t io n s  inc lude deriva tives  w h ich  are  a p p ro x im a te d  by  a lg eb ra ic
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exp ress ions  involv ing  field variab les , like d isp la c e m e n ts  o r  s tresses, def in ed  
a t  th e  g rid  p o in ts  o r  a t  the  blocks, in whicfi th e  m e d iu m  is d iscre tized .
Several ty p e s  o f  finite-difference re p re se n ta t io n s  can  be  used to  so lve  a 
p a r t ia l  d if fe ren tia l  eq u a t io n  in a  given dom ain . T ay lo r  series, p o ly n o m ia l  
i i t l in g  a n d  f in ite  vo lum e m e th o d s  a re  com m only  used. In th is  d is s e r ta t io n ,  
t he d e r iv a t io n  o f  th e  finite difference schem e is b a se d  on  a n  in teg ra l a p p ro a c h  
using th e  G a u s s  d ivergence  th e o re m . T h is  schem e was in t ro d u c e d  by W ilk in s  
[128] for so lid  m echan ics  p ro b lem s  a n d  has been  given th e  n a m e  o f  c o n t o u r  
Jini tr .-dif ference operator  [58]. I t  is described  in S ec t ion  3.3.
T h e  p u rp o s e  o f  th is  c h a p te r  is to  p rov ide  a  b a c k g ro u n d  to th e  e x p l ic i t  
l in ite -d iffcrence tech n iq u e  com bined  w ith  the  d y n a m ic  re la x a t io n  p ro c e d u re .  
O n ly  th e  solid  m echan ics  a sp ec ts  a re  inc luded  in th is  ch a p te r ;  th e  fluid flow 
p a r t  is a d d re s s e d  in C h a p te r  5.
3.2 Form ulation o f the in itia l/b ou n d ary  value  
problem
C o n t in u u m  m ech an ic s  theo ry  is followed w hen fo rm u la t in g  the  p ro b le m  of 
tw o-phase  flow in a  de fo rm ing  p o ro u s  m ed ium . T h e  co n c e p t  o f  a  re p re s e n ­
ta t iv e  e le m e n ta ry  vo lum e is co n s id e red  to  be  valid  to g e th e r  w i th  m ix tu r e  
th e o ry  of s u p e r im p o se d  con tinua; th e  influence o f  p re -ex is t in g  d isc o n t in u i t ie s  
in the  rock  m a ss  is neglected.
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3 .2 .1  E q u a tio n s o f  m o tio n  an d  eq u ilib r iu m
O n e  fu n d a m e n ta l  law th a t  m u s t  b e  satisfied  is th e  p r in c ip le  of linear m o ­
m e n tu m .  T h e  e q u a t io n s  of m o tion ,  w hich resu lt  from th is  princip le , can be 
ex p re s se d  in g lobal form as;
J  (JndS  -t- y  p h d V  = j  pa.dV, (:h 1)
w here  5  is an  a rb i t r a ry  closed su rface  in th e  body, V  its  volum e, pb  is th e
b o d y -fo rc e  d e n s ity  field, n  is a n  o u tw a rd -d ire c te d  u n i t  vec to r  n o rm a l  to S ,  
P is th e  m a s s  dens ity  field, a  is th e  acce le ra tion , a n d  a  rep re sen ts  th e  s tress  
tenso r .  If Gij is d ifferen tiab le  a t  an y  p o in t  x, th e  e q u a t io n  of m o t io n  holds 
locally, r e s u l t in g  in:
V • a ( x ,  t) -h p b ( x ,  t) = p a (x ,  t) (3.2)
For tfie equ il ib r ium  of th e  body , all involved forces will balance. T h is
c o n d i t io n  is expressed  as:
(^jij  T  Pbi -  0, (3.3)
w hich  is t h e  equ il ib r ium  e q u a t io n  for th e  body.
3 .2 .2  C o n s t itu t iv e  eq u a tio n s
R esp o n se  o f  a  rock  to  app l ied  b o u n d a r y  cond it io n s  d e p e n d s  u p o n  its rhe- 
o logical p ro p e r t ie s .  In c o n t in u o u s  m odels ,  these  rheo log ica l p ro p e r t ie s  are  
r e p re s e n te d  by c o n s t i tu t iv e  e q u a t io n s  w hich re la te  s t r a in s  an d  stresses. A
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c o n s t i tu t iv e  equa t ion  is e s ta b l is h e d  th ro u g h  exp er im en ta l  te s t in g  u n d e r  p a r ­
t ic u la r  a ssu m p tio n s  ^ In gen e ra l ,  i t  can  b e  fo rm ulated  as;
à i j  ■ ■) (3.4)
w h e re  F  is the  functional forrn  o f  th e  co n s t i tu t iv e  equa t ion ,  éÿ  is th e  s tra in  
r a te  tenso r ,  and  is the  c o - ro ta t io n a l  s tress  ra te  ten so r  ( b o th  defined  be­
low ).
3 .2 .3  S tra in  ra te  a n d  c o -ro ta tio n a l s tre ss  r a te  ten so rs
T h e  d e fo rm a tio n  of the  reg ion  is t r a c e d  by following the  m o t io n  of th e  grid  
p o in ts  th ro u g h  a  sequence o f  sm all  t im e  steps, A£. T h e  c o o rd in a te s  a t  the  
in i t ia l  (fixed) reference co n f ig u ra t io n  a r e  described by th e  c o o rd in a te  vector 
X .  T h e  configura tion  a t  t im e  t (cu r re n t )  is described  by x ( X ,  £).
T h e  k in em atic  re la t io n sh ip  b e tw een  velocities, ûf, a n d  s t r a in s ,  is es­
ta b l ish e d  th ro u g h  the  de f in i t ion  o f  t h e  s t r a in  ra te  tensor, w h ich  is:
-  2 +  %,t) (•^ ■•^ )
w here  s t r a in s  a re  infin itesim al.
T h e  d ifferen tia tion  is p e r fo rm e d  w i th  respect to the  re ference  con f ig u ra ­
tion , i.e., th e  underly ing  s p a t i a l  c o o rd in a te s  in E q u a tio n  3.5 a re  th o se  o f  the  
re fe rence  configuration .
* For linear isotropic elasticity, only F  and u are required; these are determined through 
a triaxial test under appropriate conditions. More complicated constitutive laws require 
more parameters and a number of different tests.
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The; C O -ro ta t io n a l  s tress  r a t e  te n so r  is defined as:
D a
"h ^ik'^kj  (3.G)D t
w h ere  is th e  m ateria l  deriva tive ,  an d  Wij is the  r o ta t io n  te n so r ,  w hich is 
defined  as:
-  “ j.i) (3.7)
For a  L ag rang ian  fo rm u la tion ,  th e  fram e o f  reference is a t t a c h e d  to th e  
solid  par tic le s ;  therefore, th e  convec tive  te rm s of th e  m a te r ia l  dé r iv â te s  d is ­
a p p e a r .
3 .2 .4  S m all and large  d efo rm a tio n  ca lcu la tio n s
For a  sm all  s t r a in  a ssu m p tio n ,  th e  in i t ia l  (fixed) con figu ra tion  is taken  as 
th e  reference configuration . N e ith e r  th e  correction  for ro ta t io n s  of tfie b o d y  
nor th e  u p d a t e  of the co o rd in a te s  a re  needed. For large s t ra in  ca lcu la tions , 
how ever, th e  reference s ta te  is rep la ced  by  the in s ta n ta n e o u s  c u r re n t  pos ition  
X a t  each  t im e  s te p  (u p d a te d  L a g ra n g ia n  version) [70]. T h e  co o rd in a te s  a re  
also u p -d a te d  to  the  new p o s i t io n  a f te r  each tim e s tep .  In th is  m a n n e r ,  
la rge  s t ra in s  a n d  geom etrical n o n - l in ea r i t ie s  can be  inc luded  w i th  very  li t t le  
c o m p u ta t io n a l  effort.
W h e n  la rge  defo rm ation  ca lcu la t io n s  a re  m ade, the  g r id  will a c tu a l ly  d e ­
form  following th e  d isp lacem en ts  of th e  co rrespond ing  phys ica l m a te r ia l ,  as 
o p p o s e d  to  th e  Eulerian  fo rm u la tio n  in  which th e  ch ange  o f  th e  q u a n t i t ie s  is 
m e a s u re d  w ith  reference to  a  fixed m esh.
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3 .2 .5  In it ia l and  b o u n d a ry  co n d itio n s
All in i t ia l  s l a t e  of s tress  has to  be  p re s c r ib e d  p r io r  to in i t ia t io n  of th e  d is ­
tu r b a n c e  a t  th e  dom ain . T h e  b o u n d a r y  cond itions  m ay  b e  in the  form  of 
t r a c t io n s  o r  velocity  restric tions. T h e  t r a c t io n  vector, on a  su rface  w ith  
u n it  n o rm a l ,  n ,  is given by C a u c h y ’s th e o re m  [7I| as:
L j — (J t  S )
r i ie  veloc ity  a t  a  b o u n d a ry  m ay  b e  zero  in any  of the c o o rd in a te  d irec tions , 
or it m a y  have a defin ite  non-zero  value, i.e. com pression  a t  a  g iven  r a t e  of 
a side o f  a  block. .Vlixed b o u n d a ry  cond it io n s ,  such as veloc ity  c o n s tr a in ts  
in one d ire c t io n  a n d  trac t io n  in a n o t h e r  d irec tion  m ay be  ass ig n ed .  C o n ­
ta c t  o r  fr ic t ional b o u n d a ry  co n d i t io n s  a re  n o t  considered  for t h e  p a r t i c u la r  
a p p l ic a t io n s  in th is  d isse r ta t ion ,  b u t  ca n  be  in c o rp o ra ted  [51].
3.3 N um erical representation  of spatia l deriva­
tives
W ilk ins  [ 128] d ev e lo p ed  a d ifferencing  sch em e  based  on th e  in te g ra l  defin i t ion  
of a p a r t i a l  deriva tive :
d x
w here  F  is a  sca la r ,  vector o r  te n so r ia l  q u an t i ty ,  Xi is a  c o m p o n e n t  of th e  
po s i t io n  vec to r ,  A  is th e  a rea  of in te g ra t io n ,  d S  is the  in c re m e n ta l  arc ,  a n d
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Area A
F ig u re  3.1: In te g ra t io n  p a t h  for th e  co n to u r  d ifferencing  schem e
Tii is t h e  c o m p o n e n t  of th e  u n i t  o u tw a rd  no rm al to d S .  If  th e  in teg ra t io n  is 
d o n e  o v e r  a  p a t h  defined by a p o ly g o n  o f  a  given n u m b e r  o f  sides M  (F igure  
3.1), a n  a p p ro x im a te  express ion  can  rep lace  E q u a t io n  3.9,
I L  ^  L  Y :  F<->n,S  (3.10)
/I /v=l
w h ere  is th e  average value  o f  F  o n  th e  side, f  is th e  s ide  len g th ,  an d  rii
is th e  o u tw a r d  p o in t in g  c o m p o n e n t  o f  th e  no rm al u n i t  v e c to r  to  S .
T h e  s a m e  re su l t  can b e  o b ta in e d  us ing  th e  G au ss  d ive rgence  th e o re m  to 
ex p re ss  th e  der iva tive  of a  func tion ,  v ec to r  or ten so r  in  a  d isc re te  a rea  of 
th e  b o d y  in te rm s  of an  in te g ra l  a ro u n d  th e  b o u n d a ry  l im it in g  th is  area . 
C o n s id e r  for exam ple , a  v ec to r  field f,  in two d im ensions , w i th  co n t in u o u s
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ü r s t - o r d e r  der iva tives  in a region of a re a  A,  b o u n d e d  by a  cu rv e  L.  By G auss  
d iv e rg e n ce  th eo rem :
■ n d L  (3.11)
in w h ich  n  is th e  o u tw ard  no rm al to  th e  curve, a n d  d A  a n d  d L  a r e  e lem en ts  
of a r e a  a n d  arc  o f  length , respectively.
If th e  der iv a tiv e  is assum ed  to b e  c o n s ta n t  over the  a rea , o r  by  ta k in g  th e  
av e ra g e  value of th e  deriva tive  as < J i j  > ,  then:
< / u  > =  (3.12)
D iv id in g  E q u a t io n  3.11 by .4 a n d  c o m p a r in g  w ith  E q u a t io n  3 .12  gives:
< f i j  ^  ~  ^  UjdL  (3.13)
T h e  finite difference form o f  E q u a t io n  3.13 is o b ta in e d  by rep la c in g  th e  
in te g ra l  by a  su m  over the  A/ sides o f  th e  zone,
A
w h ere  L  is th e  len g th  of th e  s ide  o f  th e  tr iang le ,  r i j  is th e  c o m p o n e n t  in 
th e  j ^ ‘-d irec t io n  o f  th e  o u tw ard  n o rm a l  vec to r  to  the side, a n d  <  /» >  is th e  
a v e ra g e  value  o f  f i  over th e  side. H ereaf te r ,  th is  o p e ra to r  will b e  ca lled  the  
c o n to u r  dif ference operator  [58]. If th e  func tion  varies linear ly  b e tw e e n  th e  
n odes ,  th i s  express ion  is exac t.  N o te  t h a t  by using  th is  a p p ro x im a t io n ,  it is 
a s s u m e d  t h a t  th e  g rad ie n t  of th e  v ec to r  /  is c o n s ta n t  (equal to  th e  average  
va lue  o f  th e  g rad ie n t)  w ith in  th e  a re a  o f  in teg ra tion .
3 0
< l i j  > — — ^  < f i  (3.14)
N = l
For a  q u ad r i la te ra l  e lem ent,  E q u a t io n  3.14 can  also be o b ta in ed  by  e x ­
p a n d in g  in to  Taylor series a b o u t  th e  cen te r  o f  a  zone from the  co rner po in ts ,  
a s  was show n  by H errm an n  an d  B e r th o lf  [51|.
T h e  co d e  developed for th is  d is s e r ta t io n  was built considering  th e  re­
g io n  o f  in te re s t  to be p o r t io n ed  into q u a d r i la te ra l  elem ents  as rep resen ted  
in  F ig u re  3 .2(a). Each of these  e lem en ts  is subd iv ided  in terna lly  in to  two 
s e t s  o f  o verlapp ing  tr ian g u la r  su b -e lem en ts .  F ig u re  3.2(b). T h e  g r id p o in ts  a t  
t h e  co rn e rs  o f  the q u ad r i la te ra ls  co n n ec t  th e  e lem en ts  to each o th e r  C e r ta in  
q u a n t i t i e s  a re  assoc ia ted  w ith  nodes  while o th e rs  a re  assoc ia ted  w ith  e lem en ts  
(o r  su b -e lem en ts ) .  N ode-cen te red  var iab les  a re  position , velocity, acce le ra ­
t io n ,  s t re s s  g rad ien t  (forces), b o d y  force a n d  d am p in g  force. Z one-cen tered  
v a r ia b le s  inc lude  stress  tenso r  co m p o n e n ts ,  s t ra in  ra te  tenso r co m p o n e n ts  
a n d  m a ss  density. Note th a t ,  in genera l,  vecto rs  a re  associa ted  w ith  nodes  
a n d  te n so rs  w ith  elem ents. Q u a n t i t ie s  such  as p ressure  an d  s a tu ra t io n ,  to 
b e  u sed  in th e  tw o-phase  flow ca lcu la t ions ,  a re  assigned to  elem ents  becau se  
flow e q u a t io n s  are  solved for th e  e lem en ts .
For a  generic  q u ad r i la te ra l ,  cons ider  one  of th e  overlapping  tr iang les , 
(F ig u re  3.3). T h e  value of th e  func tion  a t  th e  nodes  is know n a n d  is d e n o te d  
b y  /j-; w fie re I = 1,2, 3 ,4  c o rre sp o n d s  to  th e  local num bering  of the  nodes  
fo rm in g  a  q uad rila te ra l .  Also, th e  g eo m etr ica l  p a ra m e te rs  such as len g th  








F ig u re  3.2: D isc re t iza t io n  of th e  m ed ium : a) typ ica l m esh w ith  q u a d r i l a te r a l  






F igu re  3.3: G en er ic  q u a d r i la te ra l  w ith  th e  t r ian g le  subd iv is ion  sh o w in g  values 
of th e  fu n c t io n  f a t  th e  n odes
c o m p o n e n t  o f  th e  g ra d ie n t  is:
/ t , i  =  ^  <  f l ~  >  {tI : , A S Ÿ ~ + -  <  f - ^  >  (n ^ A 5 )-^ +  < > (n^A5)^^
( 3 d ^ )
w here  <  / / “ > is th e  av e ra g e  value o f  Ji over th e  side se g m e n t  12 o f  th e  
tr iang le ,  which by a ssu m in g  a  l inear  v a r ia t io n  o f  f i  over th e  s ide  can  be  
tak en  as:
TTT /-.I 4 -
(3J .6)
T h e  s a m e  app lies  to  all segm en ts .  S im ilarly , th e  ^ /-com ponent is g iv en  by:
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/ t , v  =  ^  <  / / ■  >  ( n y A S ) ^ - - f  <  / p  >  { n y A S ) ~ ^ +  <  >  ( n ^ A 5 ) ^ ^
(3.17)
T l ie  c o m p o n e n ts  n^; and  ny  o f  th e  n o rm a l  u n i t  vector to th e  sides o f  th e  
t r i a n g le  are;
-nr ! / ( - ) - ! / ( ' )  TH z ( : ) - z ( 2 )
.23 ^(3) _  ^f2) ^  ^(2) _  . (^3)
A  54 - :  " f  =
n 31
(3) _  i ( d
.  ^3T ^  f ^
A S ^  ' A S ^
(3.18)
S u b s t i t u t i n g  E qua tions  3.16 a n d  3.18 in to  E q u a t io n  3.15 gives:
/ z , X  -
/ r ( l )  , r('3)s / f C h  , r (3 ) \  / f ( U  , , ( 3 ) \
2
(3.19)
E x p a n d in g  a n d  cancelling te rm s  gives th e  g ra d ie n t  of f i  in x -d irec tio n  as:
1
-  2.4 (3.20)
T h e  c o r re s p o n d in g  equa t ion  in y —d ire c t io n  is: 
1
/... -  - 5 7 / ‘" ( x ®  -  xP I)  +  / f > ( x ™  -  xC>) +  / f> (x < ‘< -  x<=>) (3 .21)
T h e  c o n to u r  difference o p e ra to r  can  a lso  b e  used  to a p p ro x im a te  g r a d ie n ts  
a t  t h e  nodes .  For a n  in teg ra tion  p a th ,  su c h  as  th e  one show n in F ig u re  3.4, 
th e  c o n to u r  differencing o p e ra to r ,  g iven  by E q u a t io n  3.14, is a p p l ie d  to  th e  
q u a d r i l a t e r a l  A B C D  to  give th e  following expressions:
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( 2 Û )  = _ L
V d x  J o  2.4
B D
Figure 3.4: G ra d ie n t  of f i  e v a lu a te d  a t  th e  g ridpo in t O
4 / , -  y<«>) +  /,'■” (!/'"> -  !/<'">)
-  x ‘°>) f  / P ( x ' “ ' -  xM-')
dy /  o  2.4 L
-  l < ° ) )  4 - -  x<C) )




T h e  in teg ra tio n  p a th  now  crosses th ro u g h  d ifferent elements. T here fo re ,  th e  
c o n d it io n s  of c o n tin u ity  o f  th e  f irs t-o rder  der iva tive  required by th e  G a u s s  
d ivergence  theo rem  m ay  n o t  be  m e t  b ecause  different q u ad r i la te ra ls  w i th  
d ifferen t p roperties  a re  enclosed  in th e  in teg ra t io n  p a th .
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T h e  con tou r  d ifference o p e ra to r ,  given by E q u a t io n  3.14, is used to  d e ­
te rm in e  s tress  g ra d ie n ts  a n d  velocity  g rad ie n ts  in th e  m e ch an ic a l  p o r t io n  of 
th e  code. It is also used  in th e  fluid flow p o r t io n  to  d e te rm in e  pressure, 
s a tu r a t io n  a n d  velocity  g rad ie n ts ,  respectively.
U nlike t rad i t io n a l  f in ite  difference schem es, th e  c o n to u r  difference o p e r ­
a t o r  is n o t  res tr ic ted  to  r e c ta n g u la r  grids. Indeed, th e  enc losed  region m ay  
have  an y  n u m b er  of sides, a n d / o r  m ate r ia l  p ro p e r t ie s .  T h ere fo re ,  com plex  
g e o m e tr ie s  and  b o u n d a ry  cond it ions  can be  h an d led .  T h e  e x t ra p o la t io n  to 
th ree -d im e n s io n a l  schem es  is s tra ig h tfo rw a rd  by using  G a u s s  tf ieorem . E q u a ­
t io n  3.1 1 for a  volum e enclosed  by a  tw o-d im ensional su rface  a re a  [58j, [25|.
3.4 H ourglassing inodes
T h e  d raw b ack  of using  s im ple ,  c o n s tan t  s t ra in  q u a d r i la te ra ls  is th e  p resence 
o f  m esh  ins tab ili ties  c o m m o n ly  referred to as  hourglassing, zero-energy  or 
kineniaLic  m odes [59|. For po lygons with m ore  th a n  th re e  nodes ,  th e re  a re  
c o m b in a t io n s  of noda l d isp la cem e n ts  whicfi do  no t  p ro d u c e  a n y  s tra in  and , 
the re fo re ,  no opposing  forces a re  crea ted . T h e  re su lt in g  effects  a re  d isp lace­
m e n ts  in a l te rn a t in g  d irec t io n s  (F igure  3.5).
T h e s e  effects a re  re s u l t  from  over-de term in ing  th e  d ifference e q u a t io n s  
[59]. In o th e r  words, th e re  a re  e igh t in d e p en d en t c o m p o n e n ts  o f  velocity  p e r  
zone  (tw o a t  each g r id p o in t)  w hile  only six m o d es  a re  used  to  define th e  
d e fo rm a t io n  p e r  zone ( th re e  co m p o n en ts  of un ifo rm  s t r a in  p lu s  th ree  rigid
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F ig u re  3.5; T ypical h o u rg la ss  m o d e  o f  de fo rm a tion  in a  q u a d r i l a t e r a l  m esh.
b o d y  m o tions) .  Hence, th e re  a re  two undefined  m odes  o f  d e fo rm a t io n  which 
c o m p o se  th e  hourglass. S evera l  p ro ced u re s  have b een  u sed  to  overcom e th e  
h o u rg la s s  m odes (H ancock  [47], S illing [104], H e r rm a n n  a n d  B e r th o lf  [51]). 
O n e  v iab le ,  and  simple, s o lu t io n  is th e  use o f  c o n s ta n t  s t r a i n  tr iang les ,  which 
do  n o t  re su l t  in o v e r -d e te rm in a n in g  th e  difference e q u a t io n s  [69]. However, 
th i s  c a n  lead to a n  u n rea l l is t ica l ly  s tiff  response  of th e  m o d e l ,  re ferred  to 
as  mesh- lock ing  (N ag teg a a l  e t  al. [77]). To solve th is  p ro b le m ,  a  m ixed  
d is c re t iz a t io n  p rocedu re  [69] w as is (see Section  3.7).
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3.5 B asic calculation cycle
T h e  basic c a lc u la t io n  cycle is su m m a rized  in w h a t  follows. A t each  tim e 
s tep ,  and  for e a c h  g r id  p o in t  in the  m esh , th e  ne t n o d a l  forces a re  c o m p u ted  
as th e  s tre ss  g ra d ie n ts  a t  the  zones, p lus  th e  g rav i ty  a n d  b o u n d a ry  forces. 
T h e se  forces a re  no t  in balance (equ il ib r ium  has n o t  been  a d d re ssed  yet). 
T here fo re ,  a c c e le ra t io n s  a re  p roduced  accord ing  to  th e  e q u a t io n  o f  m otion  , 
LCcpiation 3.2.
In te g ra t io n  o f  th is  eq u a t io n  in t im e  allows th e  c o r re sp o n d in g  velocities, 
a n d  d isp la cem e n ts ,  Uj, to be d e te rm in e d  for th e  g rid  po in ts .  Velocities 
a rc  m e asu re d  in le n g th  over each tim e  s tep . T h is  e q u a t io n  also includes a 
d a m p in g  te rm  w h ich  will be in tro d u ced  in Section  3.12.
B o u n d a ry  c o n d i t io n s  are  now p laced  on  th e  velocities. T h e  s t ra in  rates, 
a re  c o m p u te d  for each  zone from th e  velocity  g rad ie n ts .  T h e re a f te r ,  the  
s tre ss  in c re m en ts  are  d e te rm in e d  by invoking the  c o n s t i tu t iv e  eq u a t io n  for 
each  zone.
C o n tin u in g  w i th  th e  ca lcu la tion  cycle, s tress  b o u n d a ry  co n d i t io n s  are  a p ­
plied. A gain  th e  forces a re  ca lcu la ted  a n d  if th e  b o d y  is n o t  in equ ilib rium , 
i t  will acce le ra te .  T h e  co rrespond ing  velocities a n d  d isp la cem e n ts  a re  once 
ag a in  ca lcu la ted .  T h e  cycle is re p e a te d  u n t i l  th e  o u t-o f -b a lan ce  forces are 
very  sm all a n d  t e n d  to  zero, ind ica ting  th a t  eq u i l ib r iu m  o r  s te a d y - s ta te  con­
d i t io n s  have  b e e n  reached.
Since th is  is a n  exp lic it  m e thod , th e  u n k n o w n s  a re  d e te rm in e d  using
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know n values from  the  p rev ious  pseudo  t im e  s te p s  a t  th e  local p o in t  or a t  im ­
m e d ia te  n e ig h b o rin g  po in ts .  T hese  know n variab les  re m a in  fixed w ith in  each  
c o m p u ta t io n  s tep .  It is a ssu m ed  t h a t  the  n ew ly -o b ta in e d  velocities do n o t  
affect tl ie  s tress  ra te s  d u r in g  a p a r t ic u la r  t im e s tep .  T h is  is jus tif ied  only  if a  
sufficiently  sm all  t im e  s te p  is chosen such  th a t ,  in fact, th e  in fo rm ation  does  
no t  p ro p a g a te  b e y o n d  th e  elem ent. T h is  cr itica l t im e  s te p  is assoc ia ted  w ith  
th e  sp eed  a t  w h ich  the  in fo rm ation  is able  to p ro p a g a te  in th e  m edium . If 
th e  t im e  s te p  is s m a l le r  th a n  th is speed, the  exp lic it  p ro c e d u re  will be  co rrec t 
b eca u se  no in fo rm a tio n  beyond  the  im m e d ia te  s u r ro u n d in g s  of a  node  can 
affect its b eh av io r .  . \s  c o m p u ta t io n  progresses, d is tu rb a n c e s  will p ro p a g a te  
over several e le m e n ts  to  achieve ba lance  of forces th r o u g h o u t  th e  b o d y  ( the  
a c tu a l  d e te rm in a t io n  of th e  critical t im e  s tep  is d iscu ssed  in  Sec tion  3.13).
3.6 Strain  rates
T h e  s t r a in  ra te  for each sub-elem ent,  defined by  E q u a t io n  3.5, is d e te rm in e d  
th ro u g h  th e  ve loc ity  g ra d ie n ts  which in tu rn  are  c a lc u la te d  us ing  the  co n to u r  
d ifference o p e ra to r .  E q u a t io n  3.14. For a  t r ia n g u la r  su b -e lem en t ,  th e  velocity 
g ra d ie n t  c o m p o n e n ts  in th e  x -d irec tion  are, from E q u a t io n s  3.20 a n d  3.21:
I
2 A
_  !/(:)) -h - H i r e / ' )  -  yC')) : (3.25)
39
w here  (1), (2) and  (3) a re  re fe rred  to  nodes  defining th e  p a r t i c u la r  tr iang le .  
T h e  eq u iv a len t  expression for th e  y —co m p o n en t of th e  velocity  g ra d ie n t  is:
1
3.7  M ixed d iscretization
(3.26)
.-\s p rev ious ly  s ta ted ,  in fin ite  e lem en t a n d  finite d ifference codes  for solid 
m ecfian ics, th e  use of c o n s ta n t  s t r a in  tr iang les  leads to an  over-s tiff  response  
o r  rnesh-locking  (N ag tegaa l e t  al. [77]). T h e  excessive s tiffness of the se  
e le m e n ts  has  been a t t r ib u t e d  to  over-cons tra in ing  th e  v o lu m e tr ic  response . 
.Marti a n d  C unda ll  [69] p ro p o se  th e  m ixed  d iscre tiza tion  p ro c e d u re  to  rem ove 
rnesh -lock ing  while m a in ta in in g  th e  use o f  very sim ple e lem en ts ,  such  as 
c o n s ta n t  s t ra in  triangles. In th is  techn ique , each q u a d r i la te ra l  is s u b d iv id e d  
in to  two superposed  sets  of tr ian g le s  by two diagonals ( F ig u re  3.2). T h e  
v o lu m e tr ic  (m ean  or iso trop ic)  s tre ss  a n d  s tra in  ra te  c o m p o n e n ts  a re  ta k e n  
to  be  c o n s ta n t  over the  w hole  q u a d r i la te ra l  element, w hile t h e  d ev ia to r ic  
c o m p o n e n ts  are  t re a te d  s e p a ra te ly  for each  tr iangu la r  su b -e lem en t.  Hence, 
th e  v o lu m e tr ic  s tra in  ra te  is av e ra g ed  over each se t of tr ian g le s  w hile  th e  
d e v ia to r ic  p a r t  rem ains u n ch an g e d .
Tfie  v o lum etr ic  s tra in  ra te ,  é ^ ,  for th e  first set of tr iang les  (a, b) in F ig u re
(3.27)
4 0
while the  d e v ia to r ic  s t ra in  for each t r ia n g le  is:
2 5 — — é n n
• 6 ■ a -6
2 d ~  2 l l —  ^ 2 2 ' (3.28)





A  s im ila r  p ro c e d u re  is followed for th e  second  set of tr iang les .
3.8 C onstitu tive equations
B ecause  o f  th e  sequence  of ca lcu la t ions ,  th e  cons ti tu t iv e  re la t io n s h ip  is se t  
in a  s t r a in - s p a c e  m ode l in w hich s tre sse s  a re  c o m p u ted  from  s tra in s .  C o n ­
t r a ry  to th is ,  in th e  s tress-space  m o d e l  of a  co n s ti tu t iv e  e q u a t io n ,  s t r a in s  
a re  c o m p u te d  from  stresses  (usually  a n  inc rem en ta l  a p p ro a c h  is re q u ire d  to  
consider  n o n l in e a r i t ie s  [78|). In th e  p ro g ra m  developed  for th i s  d is s e r ta t io n ,  
once th e  s t r a in  r a te  tenso r  has b e e n  c a lc u la te d  for each  t r i a n g u la r  su b zo n e ,  
any  c o n s t i tu t iv e  e q u a t io n  can  b e  invoked  to  de te rm ine  t h e  s tre s s  ch an g e s  
w ith in  th is  subzone. Actually, severa l s u b ro u tin e s  c o n ta in in g  d ifferen t c o n ­
s t i tu t iv e  e q u a t io n s  can  be p re p a re d  a n d  ass igned  to d ifferen t reg ions o f  th e
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d o m a in  w hen  m o d e ll in g  heterogeneous m a te r ia ls .  L inear e lastic  a n d  t r i l in e a r  
c o n s t i tu t iv e  e q u a t io n s  have been inc lu d ed  in th e  p resen t code.
3 .8 .1  L in ea r  e la stic  an d  tr ilin ea r  stre ss-s tra in  r e la t io n
T h e  s t r e s s - s t r a in  c o n s t i tu t iv e  re la tion , in in c re m en ta l  form, for a  l in e a r  e las t ic  
m a te r ia l  is g iv en  by:
2
'XJ A t  (3.30)— —G ^ é k k  T  2Gé
w here  b.j is t h e  K ronecker delta . A t  is t h e  t im e  s tep , an d  G a n d  K  a re  th e  
s h e a r  a n d  b u lk  m o d u li ,  respectively.
T h e  t r i l in e a r  c o n s t i tu t iv e  eq u a t io n  is a  very sim ple s t re ss -s t ra in  re la t io n ­
sh ip  given by th r e e  linear segm ents  [102],/1,5 ,  a n d  C, as show n in F igu re  
3 .6(a). T h is  c o n s t i tu t iv e  e q u a t io n  is p re s e n te d  in te rm s of th e  ra d iu s  of 
M ohr 's  s t r a in  circle, an d  th e  rad ius  o f  th e  M o h r ’s s tress  circle, r„,. F ig ­
ure 3.6b. T h e  p a ra m e te r s  e,„i, ern.2 a n d  a re  specified rock va lues  which 
d e te rm in e  th e  p e a k  a n d  the  residual s t r e n g th  o f  th e  rock. T h e  first s eg m en t  
.4 of th e  t r i l in e a r  is th e  sam e as  the  l inear  e lastic  s tre ss -s tra in  re la t ion .  T h e  
p a r a m e te r  e-,n is  defined  as:
T  (e i i  — —)^ (3.31)
w here  e is v o lu m e tr ic  s t ra in  (e =  0 =  -F e^o) an d  6 ^ ,  a re  c o m p o ­
nen ts  of th e  s t r a i n  tensor.
T h e  use o f  t h e  c o n s ti tu t iv e  eq u a t io n  is show n in F igure  3.6a w i th  d o t te d  






F ig u re  3.6: a )  T ri l inea r  cons ti tu tive  re la tion ; b )  M o h r’s circle of s t r a in
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s tress  is defined by th e  curve  from which is possib le  to  d e te rm in e  th e  effective 
p a r a m e te r  G e / /  ns:
^rnG ^ f f  — — , (3.32)
In o th e r  words, is c o m p u ted  from s tra in s ,  e n te r in g  th e  cu rve  will d e te rm in e  
C , . j f  a n d  then  t h e  s tress  inc rem ents  are  th u s  c o m p u ted  using  E q u a t io n  3.30 
ap p ly in g  th e  e ffectuve p a ram e te r .  N o te  t h a t  for th e  first s eg m en t  (.4), G  is 
c o n s ta n t ,  b u t  a f te r  th e  level o f  s tra in  exceeds  th e  effective s h e a r  m o d ­
ulus decreases  continuously . W hen  em2 is exceeded , th e  sh e a r  m o d u lu s  is 
fu r th e r  d e g ra d e d  a t  a  h igher ra te  to m a in ta in  th e  s tress  a t  a  c o n s ta n t  res id ­
ual s t r e n g th .
T h e  u n lo a d in g  behav io r  is considered  th ro u g h  seg m en t D (F ig u re  3.6a) 
using th e  s lope o f  seg m en t A.  U nloading  is ap p l ie d  w hen  th e  e„i is lower th a n  
th e  m a x im u m  ex p e r ien ced  by a p a r t i c u la r  e lem en t  in its load ing  history. 
R e load ing  follows th e  sam e  p a th  un ti l  th is  m a x im u m  is reached , a n d  the  
co r re sp o n d in g  se g m e n t  of th e  co n s ti tu t iv e  cu rv e  is resum ed .
3.9 Stress and displacem ent boundary con­
ditions
B o u n d a ry  co n d i t io n s  involve th e  a p p l ica t io n  o f  e x te rn a l  t r a c t io n s  a n d / o r  ve­
locities. To a p p ly  velocity  b o u n d a ry  co n d it io n s ,  velocities specified  a t  th e  
b o u n d a ry  are  u sed  directly , in s tead  o f  c a lc u la t in g  th e m  th ro u g h  th e  m o m e n ­
tu m  e q u a t io n .  W h e n  velocities o th e r  th a n  zero a re  p rescr ibed ,  ca re  m u s t  be
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ta k e n  to  app ly  such b o u n d a ry  co n d it io n s  in a n  in c re m e n ta l  way. T h e  ra te  
a t  w h ich  th e  velocity b o u n d a ry  co n d i t io n  is app lied  d e p e n d s  o n  in fo rm a tio n  
p r o p a g a t io n  speed  th ro u g h  th e  m esh. ” Silling [104| a n d  H e r rm a n n  a n d  
B e r th o lf  [51| p resen t a  th o ro u g h  e x p lan a t io n  on  th e  a p p l ic a t io n  of th is  ty p e  
of b o u n d a r y  conditions , as well as  co n tac t  b o u n d a ry  c o n d i t io n s ,  an d  o the rs .
T h is  code is designed  to  a c c e p t  stresses a t  the  b o u n d a r ie s  from w hich 
th e  co r re sp o n d in g  t r a c t io n  forces a t  th e  b o u n d a ry  n o d e s  a re  ca lcu la ted , as 
e x p la in e d  in Section 3.10.1.
3.10 N odal forces
If th e  m ass  d is t r ib u te d  over th e  a r e a  of a  zone is lu m p e d  a t  th e  co rner nodes, 
th e  m o t io n  eq u a t io n s  can  be  w r i t t e n  in te rm s of n oda l  m asses ,  acce le ra tions  
a n d  forces a t  the  nodes as;
T b  =  m a ,  (3.33)
w h ere  is the  force on th e  i t h  node  due to  th e  in te rn a l  s tre ss  g rad ien ts ,
^6ody b o d y  force lu m p e d  a t  th e  node, an d  the  force a t  a  b o u n d a ry  n o d e
is \ a, is the  acce le ra t ion  a n d  m  is th e  m ass  lu m p e d  a t  the  nodes  (see
S ec t io n  3.13).
T h ere fo re ,  the  to ta l  n o d a l  force is th e  su m  of th e  b o u n d a r y  forces, th e  
g r a v i t a t io n a l  a n d  th e  in te rn a l  forces.
^This will not be discussed further since no such boundary condition will be considered 
in this dissertation.
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3 .1 0 .1  B o u n d a ry  forces
T h e  n o d a l  forces a c t in g  on  th e  b o u n d a r ie s  are  c a lc u la te d  from  th e  s tresses 
p re sc r ib e d  a t  th e  b o u n d a r ie s  by:
= a ^ ^ n . A s  (3.34)
w h ere  tij is th e  o u tw a rd  n o rm a l  u n it  vecto r  of th e  b o u n d a r y  segm en t,  an d  
A s  is th e  le n g th  of th e  seg m en t  over which th e  s tre ss  is app lied . H alf of
th is  force is ass igned  to  each  n o d e  of th e  c o r re sp o n d in g  b o u n d a ry  segm ent.
3 .1 0 .2  G rav ity  forces
T h e  g ra v i ty  forces F f  a r e  c o m p u te d  from:
F f  =  g i T U g  (3.35)
w h ere  irig is th e  lu m p e d  g ra v i ta t io n a l  m ass a t  th e  n o d e .  T h is  is defined as 
one th i r d  o f  th e  m ass o f  an y  tr ian g le  connec ted  to  a  node . S ince  a  doub le  set 
o f o v e r la p p e d  tr iang les  is considered , th e  resu lt ing  q u a n t i ty  m u s t  b e  d iv ided  
by two. T here fo re ,
= (3 36)
3 .1 0 .3  In tern a l fo rces
T h e  e q u iv a le n t  forces a p p l ie d  to  g rid  po in ts  a re  d e te r m in e d  from  th e  stresses 
p rev a i l in g  in  th e  s u r ro u n d in g  zones. For a  p a r t i c u la r  su b zo n e ,  th e  g rad ie n t  of 





F ig u re  Ii.7: G eneric  tr iang le  show ing nodal forces
to in t e r n a l  s tresses .  .A.ctually, th e  s tresses  a t  each su b z o n e  ac t  as trac t ions  
on its  sides. T h e n ,  th e  tra c t io n  a c t in g  over each seg m en t o f  th e  tr iang le  is 
s u b s t i tu t e d  for by two equal forces (d is t r ib u te d  ha lf-an d -h a lf )  loca ted  a t  its 
ex tre m es .  E ach  tr ia n g le  corner receives forces from two a d jo in in g  segm ents  
(F ig u re  3.7). For a  generic  grid p o in t  I, be long ing  to a  tr ian g le  in the  m esh  
, th e  following express ion  is ob ta ined :
p . '"  =
or, in  te rm s  of th e  c o n to u r  opera to r:
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T h e  co m p o n en ts  o f  th e  u n i t  n o rm al vector are  given by E q u a t io n s  3.18. 
•After s im plification, th e  following expressions result for n o d e  1 in th e  tr iang le  
ske tched  in F igure  3.7 (nodes  I, 2 a n d  3 are  any consecu tive  n odes  in a 
counterc lockw ise  sense).
I
-  !/<=') -  ( i ' "  -  x<=))
(y ''”  -  y " ' )  -  ( x ' "  -  x<=>) (3.38)
S im ila r  express ions  can  b e  w r i t t e n  for th e  rest of the  nodes  o f  t h e  sub -e lem en t.
T h e  noda l forces a re  c a lc u la te d  for th e  grid poin ts  c o r re sp o n d in g  to  the 
four tr iang les  (two se ts)  form ing the  quadrila te ra l .  W i th in  each  set, the 
forces from  tr iang les  m e e t in g  a t  each  node  are  sum m ed . For ex am p le ,  in 
th e  se t  of triangles  a — b (F ig u re  3 .2b), th e  forces a t  n o d e  I from  tr iang les  
a an d  b a re  sum m ed . T h e  s a m e  holds for node 3. However, for n o d e  2, 
ordy th e  co rresp o n d in g  force for tr ian g le  b is considered; s im ilarly , for node 
-I, only  tr iang le  a c o n tr ib u te s .  T h e  sam e  p rocedure  is followed for tr iang les  
c — d. N ext,  a t  each g r id  p o in t ,  th e  noda l forces resu lt ing  from  b o th  sets 
a re  averaged , to give four n o d a l  force vectors which a re  th e  c o n t r ib u t io n  of 
a p a r t ic u la r  q u a d r i la te ra l  in th e  mesh.
T h e  n e t  in te rn a l  n o d a l  force vec to r  assoc ia ted  w ith a  g r id  p o in t ,  is
th e n  o b ta in e d  by su m m in g  th e  co rrespond ing  nodal forces f rom  all q u a d r i ­
la te ra ls  m ee ting  a t  th e  g r id  po in t .
A pp lied  b o u n d a ry  loads, w here  p e r t in en t ,  an d  g ra v i ta t io n a l  forces are 
ad d e d  to  th e  ne t in te rn a l  n o d a l  force vec to r  a t  this  s tage, to o b ta in  th e  to ta l
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n o d a l  force vecto r , defined in E q u a t io n  3.33, for each  g r id  p o in t  of th e  mesh.
3.11 Integration of the m otion  equation
By u s in g  th e  co n to u r  o p e ra to rs  in th e  ca lcu la tio n  o f  s t re ss  g rad ien ts ,  th e  in­
te g ra t io n  o f  th e  m otion  eq u a t io n  is done  in i ts  g loba l ( in teg ra l)  form. E q u a ­
tion  3.1 , r a th e r  th a n  in a local form. E q u a t io n  3.2. T here fo re ,  d iscon t inu it ies  
in t h e  s tre s s  field are  allowed w ith o u t  convergence  p rob lem s.
W h ile  th e  forces a re  no t  in eq u il ib r iu m  in th e  body, th e  nodes will accel­
e r a t e  following th e  equa t ion  o f  m o tion .  T h e  velocities  can  be  ca lcu la ted  by 
in te g ra t in g  th is  equa t ion  in tim e. If cen te red  finite  difference e q u a t io n s  are  
u sed  for th e  velocity, the  schem e will b e  se co n d -o rd e r  a c c u ra te  in t im e  [4]. 
H ence ,
^(n^An/2) _  ^  ^ ^  ^(n) ^  ^  (3.39)
w h e re  P is a  d a m p in g  te rm  (d iscussed  fu r th e r  in th e  n e x t  section). For the  
first t im e  s tep ,  th e  velocities a t  th e  t im e  (n  — A n / 2 )  a re  equal to  th o se  a t  
t im e  n.
D isp la c e m e n ts  are  ca lcu la ted  for th e  t im e  n  as:
<  =  (3.40)
SO th e r e  is a  h a lf  t im e  s tep  sh ift be tw een  velocities a n d  d isp lacem en ts .
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3.12 Dynam ic relaxation  and dam ping
T h e  co d e  developed  here uses th e  d y n a m ic  re laxation  p ro c e d u re  in t ro d u c e d  
by D ay  [28] an d  O t te r  a n d  C asse ll  [8I|. D ynam ic  re lax a tio n  co n s is ts  of th e  
m o d e l l in g  of an  equ ilib r ium  b o u n d a ry -v a lu e  p rob lem  by  using  th e  d y n a m ic  
e q u a t io n s  o f  m otion  a n d  by u s in g  a n  artif ic ial d am p in g  to  red u ce  t h e  large- 
t im e  lim it of the  d y n am ic  p ro b le m . T h e  d y n am ic  eq u a t io n s  o f  m o t io n  a re  
u sed  even  th o u g h  s ta t ic  so lu t io n s  a re  pu rsu ed .  However, a n  artif ic ia l  d a m p in g  
t e rm  is inc luded  such th a t ,  for long  te rm s, a s te a d y -s ta te  co n d i t io n  o r  a  s ta t ic  
e q u i l ib r iu m  is o b ta ined .  A c o m p le te  d iscussion  of this m e th o d  is p re s e n te d  
by U n d e rw o o d  [123].
T h e  d y n a m ic  re laxa tion  m e th o d ,  to g e th e r  w ith  a n  exp lic it  f in i te  differ­
en c e  fo rm u la tio n ,  are  e spec ia lly  w ell-su ited  for p roblem s invo lv ing  com plex  
s y s te m s ,  e.g. nonlinear, finite s t r a in ,  physical instability. O n  th e  o th e r  h and ,  
it  is n o t  efficient for m ode ling  linear ,  sm a ll-s tra in  p rob lem s  [25].
T h e  ar tif ic ia l d am p in g  used  in m o s t  d y n a m ic  re laxa tion  m e th o d s  is veloc­
ity  p ro p o r t io n a l .  T h a t  is, th e  m a g n i tu d e  o f  th e  d am p in g  force is p ro p o r t io n a l  
to  t h e  velocity  of the  nodes. C u n d a l l  [25] p o in ts  ou t t h a t  a  ve loc ity  p r o p o r ­
t io n a l  d a m p in g  in troduces  b o d y  forces, w hich can overshadow  t h e  failure  
p rocess .  Also, it  is difficult to  d e te rm in e  th e  o p t im u m  o r  cr i t ica l  p a r a m e te r  
to  p ro v id e  d am p in g  of th e  s y s te m .  An a d a p t iv e  d am p in g  is n ee d e d  a c c o rd ­
ing to  d ifferences in befiavior in d ifferen t regions of th e  m e d iu m . In th is  
d is s e r ta t io n ,  tfie d am p in g  s c h e m e  p ro p o sed  by C u n d a ll  [25] is u se d  w here
50
t,he d a m p in g  sch em e  is p ro p o r t io n a l  to th e  m a g n itu d e  o f  th e  o u t-o f-b a lan ce  
force a t  each  node .  T h e  d irec tion  of th e  d a m p in g  force is such  th a t  energy  
is a lw ays  d is s ip a te d .  T h e  expression  for th e  in teg ra te d  m o t io n  e q u a t io n  w ith  




w hore q is a  sa fe ty  factor, set to 0.8 in th e  p rog ram , a n d  rn^ is a  ficticious 
n o d a l  m ass  w hich  is der ived  in Section 3.13.
T h e  t im e  (or p seu d o - t im e)  involved in the  p ro ced u re  is a  f ic tit iuos  q u a n ­
t i ty  a n d  is in te n d e d  to let the  system  achieve s ta t ic  equ i l ib r ium .
3.13 C ritical tim e step and density scaling
T h e  exp lic it  t im e  in te g ra t io n  schem e is cond itiona lly  stab le . T h e  s ta b le  t im e  
s te p  is l im ited  by th e  sp a t ia l  m esh  size, a n d  also d epends  u p o n  the  co n s t i ­
tu t iv e  eq u a t io n s .  T h e  s tab i l i ty  condition  for an  elastic solid, d isc re t ized  in to  
e lem en ts  of size A x ,  is given by the  C o u ra n t  cond ition  [4]; i.e..
A xA£ < —  (3.42)
w h ere  C  is th e  m a x im u m  speed  a t  w hich in fo rm ation  can  p ro p a g a te .  T y p ­
ically, th e  P -w ave  o r  d i la ta t io n a l  wave speed, Cp, is the  fa s te s t  wave. T h e  
sp eed  for d i l a ta t io n a l  waves in the  x^-d irection  is:
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For a linear  e la s t ic  m ateria l,  th e  c o n s t i tu t iv e  re la tion  is given by E q u a ­
t ion  .'I.-'IO. so aII  is:
2
r j i i  = (K — — G ) ( e i i  - f  6 2 2 )  -F  2Gei i  




In a  r igo rous  sense, the d e te rm in a t io n  of th e  c rit ica l t im e s te p  in c lu d es  a n  
ana lysis  of th e  sm a lle s t  n a tu ra l  p e r io d  of v ib ra t io n  o f  the  system . S uch  c a l ­
cu la t io n  is im p ra c t ic a l  because  i t  takes  a  c o m p u ta t io n a l  effort s im ila r  to  th e  
d y n a m ic  re la x a t io n  procedure. However, som e codes  a re  b ased  on e s t im a te s  
of th is  n a t u r a l  per iod .  In C H IM P  [104], th e  num erica l s tab i l i ty  c o n d i t io n  is 
e s t im a te d  to  b e  t h a t  of the u n d a m p e d  exp lic it  cen tra l  differencing m e th o d  
(d a m p in g  u sed  in C H IM P  is ve loc ity  p ro p o r t io n a l) ,  such th a t :
w here  t is th e  t im e  s tep , and  oJrnax is th e  h ighest n a tu ra l  a n g u la r  frequency  of 
th e  u n d a m p e d  m esh , which c a n  b e  conserva tive ly  e s t im a te d  using t h e  local 
sp eed  of in f in i te s im a l waves. T h i s  leads  to:
<  m in (A)
w here  e is th e  m in im u m  of th e  leng ths  of th e  zone edges a n d  d iagona ls ,  
a n d  C  is th e  local speed  in th e  reference configura tion . T h is  a p p ro a c h  will
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d e te rm in e  th e  t im e  s te p  for the  sm alles t  zone size; since e can  vary  over o rd e r s  
of m a g n i tu d e  th ro u g h  th e  mesh, it w ould  severely  lim it th e  efficiency o f  th e  
code.
It is possib le  to  m a n ip u la te  th e  local wave sp eed  by changing  th e  m a s s  
d e n s i ty  p. S in ce  C  oc for a  given c o n s t i tu t iv e  re la tion , it can b e  se t to  an y  
d es ired  value by  a d ju s t in g  the  local dens ity  (U n d e rw o o d  [123]). T h e  p o in t  
is to  find a  d e n s i ty  d is t r ib u t io n  which prov ides  a  un ifo rm  s ta b le  t im e  s t e p  
for all zones (d en s ity  scaling). T h is  will no t affect th e  en d  results  s ince  th e  
p ro b lem s  d e a l t  w ith  are  s ta t ic  and , in th e  s ta t i c  equ ilib r ium  equ a t io n s ,  th e  
m ass  d e n s i ty  t e rm  does  n o t  appea r .  T here fo re ,  these  m a n ip u la t io n s  c a n  be  
m a d e  a r b i t r a r i ly  w i th o u t  influencing th e  a s y m p to t ic  so lu tion  to  th e  d y n a m ic  
e q u a t io n  for b a la n c e  o f  linear m o m e n tu m . T h e  g ra v i ta t io n a l  forces a re  n o t  
a ffec ted  by th is  scaling.
3 .1 3 .1  D e n s ity  sca lin g  for a  lin ear  e la s tic  m ater ia l
Following th e  p ro c e d u re  o u tl in ed  by U n d e rw o o d  [123], th e  t im e  s tep  is s e t  
e q u a l  to  unity , a n d  the  n o d a l  m asses a re  a d ju s te d  to  p rov ide  this value. F o r  a 
tr ian g le ,  th e  m in im u m  p ro p a g a t io n  d is ta n ce  ca n  be  e s t im a te d  as A / ÛS.Xmax^ 
w here  .4 is th e  a re a  o f  th e  tr iang le  a n d  is th e  la rgest side o f  th e
t r ia n g le  (w hich  is th e  d iagonal of the  co r re sp o n d in g  q u ad r i la te ra l) .  U s in g  
e q u a t io n  3.42, th e  following re la t ionsh ip  is o b ta in ed :
C  A x  (3 .45)
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S u b s t i t u t in g  =  I ,  a n d  E q u a t io n  3.44 in to  E q u a t io n  3.45, gives;
P =  (3.4C)
T h e  m ass  a s s o c ia te d  w ith  th e  tr iang le  is m ,  — pA]  therefore ,
m ,  =  ( A ;  T  j g ) A x ^ , o x  ( 3 . 4 7 )
H owever, it is n ecessa ry  to  lu m p  m asses to g r id p o in ts ,  so th e  m o t io n  e q u a t io n
can  b e  solved a t  th i s  level. L as t  an d  H ark n ess  [58] p re sen t  a  p ro c e d u re  to
lu m p  m asses to g r id p o in t s  in which th e  cen te r  o f  g ra v i ty  o f  th e  t r ian g le  is 
n o t  m odified. His r e s u l t s  p o in t  o u t  th a t  lu m p in g  one  th i rd  of th e  su b zo n e  
m a ss  into  each n o d e  will p rese rve  the  loca tion  of th e  cen te r  of m ass  o f  th e  
(quadrilateral. H ence, th e  m ass  for each g r id p o in t  in th e  t r ian g le  is:
^gp  =  (3.48)
T h e  ne t g r id p o in t  m a ss  for each node  in th e  m esh  is g iven by  th e  su m  of 
th e  m asses  o f  all t r ia n g le s  c o n n ec ted  to th a t  g r id p o in t ,  inc lud ing  th e  tw o sets  
of o v e r lap p in g  t r ian g les ;  the re fo re ,  the  s u m m a t io n  needs to  b e  d iv ided  by two. 
T h is  s u m m a t io n  in c lu d es  all q u ad r i la te ra ls  s h a r in g  a  p a r t i c u la r  g r id p o in t  
(m a x im u m  of four). T h e  exp res io n  for the  n e t  g r id p o in t  m a ss  becom es:
mn = (3 49)
S ince  th is  p ro c e d u re  y ie lds  a n  e s t im a t io n  o f  th e  c r it ica l t im e  s tep ,  a  safe ty  
fac to r  can  b e  ap p lied .  T h e  sa fe ty  factor a d o p te d  here  w as 0.8, i.e., th e  c rit ica l 
t im e  s te p  is se t  to  0 .8  in s te a d  o f  1.
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3 .1 3 .2  D en sity  sca lin g  for a tr ilin ear m a te r ia l
T h e  n o d a l  masses a sso c ia ted  w ith  th e  g ridpo in ts  a re  d e te rm in e d  w ith  the 
s a m e  express ions  as p re se n te d  in E q u a t io n s  3.45. 3 .46, 3.47. However,
d e p e n d in g  on the  s tra in  level, th e  effective m oduli a r e  d e g rad e d  a n d  some 
a rea s  o f  th e  body  will have d iffe ren t p ro p er t ie s  th a n  o th e rs .  T here fo re ,  nodal 
m asses  have  to be  reca lcu la ted  for each  m echanical t im e  s tep ,  as s t ra in  in­
c reases  in o rder  to speed  up  th e  convergence of the  d y n a m ic  re la x a t io n  p ro­
cess. If th e  dependence  o f  th e  effective moduli upon  confin ing  p ressure ,  for 
e x a m p le ,  is to be inc luded , th e  e q u a t io n s  for the  n o d a l  m asses  a rc  no t  the 
s a m e  a n d  tu rn  o u t  to be c o m p lic a te d  expressions [14].
3.14  M echanical portion  verification test
T h e  p ro b lem  th a t  has been  chosen  in o rd e r  to verify th e  a c c u racy  o f  th e  code 
is th e  d e te rm in a t io n  of s tre s se s  a n d  d isp lacem en ts  in d u c e d  by a  cylindrical 
ho le  in an  infinite, iso tropic , linear  e las t ic  m edium , s u b je c te d  to  a  uniform  
in-si tu  s tre ss  field. P lan e  s t r a in  cond itions ,  p e rp e n d ic u la r  to  th e  borehole 
axis, a re  assum ed. T h e  a n a ly t ic a l  so lu tio n  for th is  p ro b le m  w as fo rm ula ted  
by K irsch  (see Jaeger  a n d  C ook , [53]).
A p o in t  loca ted  a t  a p o la r  c o o rd in a te  (r, 6), near  a n  o p en in g  of rad iu s  a 
(F ig u re  3.8) will experience  s tre sse s  a n d  d isp lacem en ts  g iven  by:
1dr  — +  (3.50,
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P l i - P n / ,  a - \  P l - P n /  3a
Oo =
TrO
2 ( ‘ ■ ^ ^ ) ------------------ + ^ ) c o s ( 2 a )  (3.51)
( 3 . « )
T h e  a n a ly t ic a l  so lu tion  for th e  d isp lacem en ts  (Jaeg e r  a n d  C ook  [53]) is :
Pi i- Pn 0,~ Pi  — P“2 CL'
=   —  ?  +
Vg = —■
\G  r'^ AG r~
Pi — P2 CL
2  -,
4(1 - u ) - % ;
r -





In th e se  e q u a t io n s ,  G  is th e  s h e a r  m o d u lu s  of the  rock, u is th e  P o isson’s 
ra tio ,  Ur is th e  rad ia l  d isp la cem e n t,  a n d  vg is the ta n g e n t ia l  d isp lacem en t.
T h e  fin ite  difference m esh a n d  b o u n d a ry  conditions  used  for th is  p rob lem  
a re  sh o w n  in F igu re  3.9. S y m m e try  o f  th e  prob lem  p e rm i ts  m o d e lin g  only  a 
q u a r t e r  o f  th e  m ed ium . T h e  m esh  is co m posed  of 900 q u a d r i l a te r a l  elem ents. 
T h e  m e sh  has  b een  refined nea r  th e  boreho le  where th e  s t re s s  g ra d ie n ts  and  
d isp la cem e n ts  a re  g rea te r  in m a g n i tu d e  th e n  fu rther  aw ay f rom  th e  borehole. 
T h e  e le m e n t  size is increased as th e  rad ia l  d is tance  increases. T h e  h y d ro s ta t ic  
far-field s tresses  a re  set a t  —30 M P a  (compressive field), w h ich  a re  inpu t 
as in i t ia l  s tresses  in the  e lem ents .  T h e  m a te r ia l  p ro p e r t ie s  u sed  a.re:E = 
6 . 7 G P a , u  = 0.21, p = 2 5 0 0 K g / m ^ .
T h e  p rocess  o f  d y n am ic  re la x a t io n  o f  th e  system  is i l lu s t r a d e d  in F igure  
3.10, in  w hich  th e  ou t-o f-ba lance  forces a re  p lo t ted  a g a in s t  p se u d o  t im e  s teps  
a t  th e  b o reh o le  wall. A to ta l  of 2350 t im e  s teps w ere n e e d e d  to  lower the 
o u t-o f -b a lan ce  forces four o rders  o f  m a g n itu d e .  A t th is  p o in t ,  th e  sy s tem  
is cons ide red  to  b e  in eq u il ib r iu m . T h e  num erical re su lts  for s tresses  an d
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F ig u re  3.8: S chem atic  re p re se n ta t io n  o f  a  borehole  su b je c te d  to an  in-si tu  
s t re s s  field
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F ig u re  3.11: C o m p ariso n  be tw een  a n a ly t ic a l  (lines) a n d  num erica l (sym bols)
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F ig u re  3.12: C o m p a r iso n  b e tw ee n  an a ly tica l  (line) a n d  n u m erica l  (sym bol) 
resu lts  for rad ia l  d isp la cem e n ts
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Chapter 4 
Governing Equations for 
Multiphase Flow in a 
Deforming Porous Medium
4.1 Introduction
A n oil reservo ir  can be  envisioned as a  m u l t ip h a se  m ix tu re ,  gas, w ater a n d  
th e  rock. T h e  basic fo rm u la tion  for m u l t ip h a se  flow in a  deform ing porous  
m e d iu m  is p resen ted  by Li an d  Zienkiewicz [6 6 ], Lewis a n d  Schrefler [61] 
a n d  o th e rs  [99]. T h e  m o s t  p e r t in e n t  d e r iv a tio n s  p re sen te d  in th is  c h a p te r  
follow th e  form alism  in references [6 6 ] an d  [64] for th e  case o f  tw o-phase flow 
in d e fo rm in g  porous m ed ia .  C o n s tan ts  a re  re g ro u p e d  an d  redefined here to  
fa c i l i ta te  th e  su bsequen t num erica l so lu tion  by th e  exp lic it  L ag rang ian  finite 
d ifference technique.
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4.2 Im m iscible two-phase fluid flow in a de­
forming porous m edia
C o n s id e r  a rep resen ta t iv e  e le m e n ta ry  volume in a d o m a in  co n ta in in g  the  
m ix tu re  of the following ^ -c o n s t i tu e n ts :  solid, a w e tt in g  fluid p h ase  a n d  a 
n o n -w e tt in g  phase  (a  =  s . w , n ,  respectively). Pore sp ace  is rep re sen ted  by 
porosity . 0 . T h e  volum e f rac t io n  t h a t  is rock is, therefore , 1 — 0  ( th e  volum e 
frac tion  of the fluis is 0 ). T h e  f rac t ion  of pore space  o cc u p ie d  by each fluid 
is referred  to as the  s a tu r a t io n  ( S ^  for the  w ett ing  phase , a n d  for the  
n o n -w e tt in g  phase). T h e s e  q u a n t i t i e s  obey  the  co n s tra in t:
Sw  T  =  1- (4.1)
4 .2 .1  F lu id  p ressu re  in  a  m u ltip h ase  flow  reg im e
T h e  d is tr ib u t io n  of fluids in  th e  rock depends  on th e  in te rfac ia l  tension, 
po re  g eom etry  (capillary  rad ii) ,  w e ttab il i ty  (con tac t ang le  w ith  the  rock), 
s tresses ,  and, in general, is a  s t ro n g  function of th e  s a tu r a t io n  h is to ry  [98],
[61|. S ince these  p a ra m e te rs  ch an g e  in tim e an d  space, defin ing  p o re  p ressure
is a  difficult task.
Severa l a s su m p tio n s  can  b e  m a d e  concerning th e  def in it ion  o f  po re  p re s ­
sure .  It can  be  considered t h a t  b o th  fluids are  in c o n ta c t  w ith  th e  solid, so 
th e  p o re  pressure  is exp ressed  as:
P  — S-ujP-uj -t- SnPri, (4.2)
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or a l te rn a t iv e ly ,  it can  b e  assu m ed  th a t;
P  =  Pu. (4.3)
if only  th e  w e t t in g  fluid is considered  to be  in c o n ta c t  w i th  th e  solid. T h is  
last a s s u m p t io n  is m a d e  for th e  deriva tion  th a t  follows.
4 .2 .2  E ffe c tiv e  S tre ss  C on cep t
Effective s t re ss  ia by definition:
-  a&uP, (4.4)
w here is th e  effective s tress  a n d  p is th e  p o re  p ressu re .  B io t ’s poroe last ic  
coefficient can  be  ex p re s se d  by [92]:
w here  A',, a n d  K't a r e  th e  bu lk  m oduli of solid  g ra ins  a n d  f ram ew ork ,  respec­
tively. T h e  p a r a m e te r  a  can  also be expressed  in te rm s  o f  o th e r  p a ra m e te rs  
such as th e  S k e m p to n  coefficient, B  an d  d ra in e d  a n d  u n d ra in e d  Po isson’s 
ra tio , // a n d  u^, re spec t ive ly  [31|. For sim plicity , th e  ex p ress io n  given by 
E q u a t io n  4.5 is u se d  in th is  derivation .
4 .2 .3  G o v ern in g  eq u a tio n s
T h e  c o n t in u u m  iso th e rm a l  ap p ro ach  for solid  an d  flu id  m e ch an ic s  includes 
the  following laws a n d  re la t ionsh ip s  for each  co m p o n en t:
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1. m ass  conservation
2 . m o m e n tu m  conserva tion
2 . co n s t i tu t iv e  or s ta t e  e q u a t io n s
4. effective s tress  law for th e  f lu id -p e rm ea ted  solid.
M a s s  C o n s e r v a t io n
T h e  solid  m ass  volume, A/„., c a n  be  exp ressed  as the  v o lu m e  f rac t ion  o f  the- 
p o r o u s  solid, (V',. = (1 — # )K ) ,  t im es  th e  density  of th e  so lid  ( p^). Therefore ,  
m a s s  conservation  for th e  solid  requ ire s  th a t :
D M ,  D
D t
— J ^ ( l - 4 . ) p . d v = 0
o r
d { l - 4 > ) p s  , a ( l - 0 ) p , U i  ^
— at  + ------- I I ,  =  “ G)
w h e re  Uj is th e  solid velocity. S im ilarly , th e  m ass c o n se rv a t io n  e q u a t io n s  for 
t h e  w e tt in g  a n d  n o n -w e tt ing  p h a s e s  are:
9(pS-u)Pm d(f>SiuP'ujU-uji /  .
— +  H   = °
dcpSriPrr , d<i)S^p^Uni „
S T -  +  —
w h e re  (7^^ a n d  Uni u.re th e  in t r in s ic  velocities for each f lu id .T h e  vo lum e frac­
t i o n  o f  th e  co rrespond ing  fluid is 4)Si (I =  w , n ) .
6 6
riiü superfic ia l ,  or D arcy velocities , a re  defined as:
Wi = <pS^a{Uun — ^ i)  (4.9)
=  (pSniUni -  Ui) (4.10)
w here  ic, a n d  deno te  th e  w e t t in g  a n d  non-w etting  fluid velocities , r e sp ec ­
tively.
S u b s t i t u t in g  th e  defin itions g iven  by Eqs. 4.9 a n d  4.10 in to  Eqs. 4.6- 4.8, 
a n d  e x p a n d in g  derivatives gives:
d p s  d<p I
^ ~  ~dt  +  (  1  —  (p)psUi^i  - b  -
or
-t-
d l  d x i
-f






=  0 (4.12)
1 dpnVx
d x i
=  0 . (4.13)
-b(l -  =  0 (4.14)
/d< p  d ( f ) \  f d p w S w  d p w S xf ( _ o  ^ J d p x ^ S -u j , ^ w \
+  " ' a ; - )  +  A ~ d r ^ ' ‘' ~ 8 ^ )
dpx,,Wi
H—   \-<^pwSwUi,i =  0 (4.15)dXi




U sing  tlie definition of m a te r ia l  derivative , i.e. ^  ^  4- w ith
re s p e c t  to  th e  solid velocity,  th e  p rev ious  equa tions  resu lt  in:
( I -  d>) Dps  D(p
ps D t  D t
4- (1 — =  0  ( 4 . 1 8 )
SwPu, Dt D t  ' S'u, ’ S,^pui d x i
„  1 . 0  ^ (4.20,
Dt D t  ' Sn  ' SnPn  9 x ,
a f te r  d iv id in g  Eq. 4.18 by p^, d iv id in g  Eq. 4.19 by S^jpw nnd  d iv id in g  Eq. 4.20 
by S,iPn- . \d d in g  Eq. 4.18 to  Eqs. 4.19 a n d  4.20 allows th e  e l im in a t io n  of 
th e  te rm  yielding two eq u a t io n s :
(1 - ( p ) D p s  (p DSu, 4> D p ^  14- —---- —----1-------- —--- h Uj_i 4- - — W i^ i
P s  Dt  5,4, D t  p , j j  D t
(4.21)
^xvPiu
(1 -  d>) Dps 4> D S n  0  D pn  1
y „ ~ D r + +  s : ' " - -
Vi dp.n =  0 (4.22)
dnPn dXi
T h e  re la t io n sh ip  betw een ch an g e  in p ressu re  a n d  change  in v o lu m e  is given 
th r o u g h  th e  concep t of com pressib ili ty , C  =  —-^[dV /dp) ,  o r  a l te rn a t iv e ly ,  by 
th e  s tiffness, K  =  1 /C . Using th e  stiffness definition a n d  th e  m ass  ba lance  
e q u a t io n s  for each  co m p o n en t in th e  m ix tu re ,  namely,
— Ô T -  = “ ■





=  0, (4.23)
= 0 .
t h e  fo llo w in g  e x p r e s s io n s  a r e  o b t a in e d :
1. for th e  w e tt in g  fluid:
1 D p, 1 DP„
Pu, D t K . D t  A' D t '
2. for th e  non -w e tt in g  fluid:
I Dpu I DKz 1 DPr,
Pu Dt Vr, D t  K u  D t  '
for th e  solid,
1 Dps I D V , 1 D R .
p , Dt  I/. D t  K ,  D t  2 { \ - ( t > ) K ,  
S ince  th e  hydros ta t ic  pressure  is:
I D P ,
a n d  w ith  A'j = A'.,(l — a ) ,  from  E q u a t io n  4.5, then:








N ext,  E q u a t io n s .  4.24, 4.25 a n d  4.28 a re  s u b s t i t u t e d  in to  E q u a t io n s  4 .21 a n d  
4.22, a n d  to g e th e r  w ith  th e  res tr ic t io n  o f  E q u a t io n  4.1, the  re su lts  a re :
(q  — (f>) D 4 >  DPu, <P DS-uj 1
-f 4--—----- —— h —-----—— h - T — W i  i 4-
h' Dt ’ h'  D t  D t  S
— Pw,: =  0 (4.29)
{oc -  (p) D P ^  <P D P n  <P D S n  , 1
4- aui^i 4- —---- —  4-   —  4- — Vi i^ +
A\. D t Kr, D t  Sr. D t  5,n
=  0 (4.30)
Sjipn
M aking  use of th e  re la t io n sh ip  for th e  cap i l la ry  p re s su re  as a  fu n c t io n  o f  th e  
p re ssu re  difference in th e  fluids, it is know n th a t :
a n d  from  E q u a t io n  4.1:
DSr. D S r
Dt D t
.Also, it can  be  show n th a t :
DPc  _  dPe 
D t  dSw D t
since  it  has  b een  a s su m e d  th a t  Pc =  Pc{Sw)-
S u b s t i t u t in g  these  express ions  in to  E q u a t io n  4.30 gives:
Oc <p D P'UJ ^  ^  D> ^  I DPr, \  ct> DPu,










G ro u p in g  te rm s  in Eq. 4.29 an d  4.34 gives:
^  D Pu, f a  -  <p <p









■haSriUi i -H Vi i^ H Pn^i = 0
P n
Tliese  c a n  be  w r i t te n  as:
, ^  DPu, DSu,  . , nw e lu 1 4“ Gtu2 „  4" O L O y j U i  i  4" W i  i  4" P w , i  — U
D  t D  t P w
OtiC ni —rr"---- r  u „2Dt U..L „ ---- 1- ^ S n U i ^ i  4- f t , i  4------ P n , i  —  0UI Pfi
where,
C w i  —
(ck -- 4&) 4>
Ku
Cw2 4>
C n l  =
C„2 =  <P












d S u , K n
E x p a n d in g  th e  m a te r ia l  derivatives, a n d  g ro u p in g  the  te rm s  in  E qs . 4 .37 
an d  4.38, a  s e t  o f  e q u a t io n s  A X  =  B  for t h e  u n k n o w n s  Pu, a n d  5 ^  is o b ta in e d :
/ a n  Gi2 \  / P t u \  ^
\ a 2 i  0 2 2 /  \ S - u , J  \ b 2  J ( 4 ^ 3 )
w here  Pu, a n d  Su, s t a n d  for p a r t ia l  d e r iv a tiv e s  w i th  respect to t im e  o f  w a­
te r  p re s s u re  a n d  w a te r  s a tu ra t io n ,  respectively . T h e  te rm s in m a tr ix  A  a re
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defined  iis:
QH — *^ 12 — C'u;2
^21 ~ ‘^ nC'rili ®22 — C ti2 (4.'14)
a n d  the  nu itr ix  B  is:
by — ^  ufCxL^iXti f^xu,i ^ w " l ^ i ^ x U y i  ~~~~Pwyi (^i-4o)
Pw
b‘2 — ur,i ^n2.^i^w,i  ^i,i Pn,t (4.46)
Pn
T h is  set of e q u a t io n s  can  be  solved as A" = A ~ ^ B ,  which gives:
“OLXL-i^ i^'n(^'w2 — S^Cn2
Dp
_1
D l -  ~ -- *,* — ICai,
p \  Pn
SnSw{Cni  — Cxul)
Dp
-au
b -Z—( Ut ;C^,2--— W i  i C n 2  4----P n , i C w 2 -------- P w , i C r i 2 )  (4.47)
V  Pw /
1,1 T  ^^ i , i ^nD j i i  *^ i,i‘5tuCu;l)
1 /' XL) ' X) ' \
b I  P w , i S n C n \  Pn.i'S’tuC^l ) (4.48)
B p \ P w  Pn /
w h ere  Bp — ^w^w\B^n2  1 ^ w 2.
T h e  d e n s ity  g ra d ie n t  a p p e a r in g  in these  e q u a t io n s  can be  w rit ten  in te rm s  
o f  p ressu re  by using  s ta t e  eq u a t io n s  for th e  fluids. T h e se  re la tionsh ips  a re  of 
th e  form:
p == Pocxp [C (P  -  Po)] (4.49)
w h ere  C is th e  com press ib ili ty  o f  the  fluid, Pq is a  d a tu m ,  o r  initia l p ressure , 
a n d  P  is an y  p ressu re  a t  w hich  th e  den s ity  is to  b e  eva lua ted .  For slightly
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com press ib le  fluids, th is  eq u a t io n  can  b e  a p p ro x im a te d  as:
r i ic  relaLionship for th e  w e tt in g  fluid is:
p x ü  ----  p M S O  " h  P u ; o )  •
an d .  consequently ,
ICi f  Wi \
Pw,i ~  \ {  ^ . I P-w,i
Pw  y cl tu 4" Pw Pwo j
Similarly, for the  n o n -w e tt in g  p h ase  it  re su l ts  in:
\
Pn,i — I ^ I Pn,t-
Pn  \  ^ n 4“ Pn Pno J
S u b s t i tu t in g  these  express ions  in to  E q u a t io n s  4.47 a n d  4.48 will exp lic it ly
e l im in a te  the  densities  . T h e  re su lt ing  e q u a t io n s  a re  w r it ten  in s h o r t  form
as:
Pw =  fpU-i,i-P P-wf (4.51)
Sw = fsUi,i +  S ^ f  (4.52)
in which th e  first te rm  in b o th  e q u a t io n s  rep resen ts  th e  c o n t r ib u t io n  o f  th e  
solid  vo lum etr ic  d e fo rm a tio n ,  a n d  th e  second  te rm s, P^jf a n d  S ^ f ,  co r­
re sp o n d  to  the  fluid flow processes. T h e s e  te rm s  are:
=  ^ SnCw2 -  S^Cr^n (4 .5 3 )
D p
f ,  =  ^  (4.54)
Dp
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a n d .
r 'w f -  {^h,iCU.--JL — W i,iC n2^ — y-iPw,i
p
/  Q ______C‘W2_____  g  Cn2______ \  / ,





^  A r i  C 'n l  ^ i , i ^ w C i o l ^  ^ i P w , i
—  (Pw.d/^i 4- n +  Pn -  P „ o )' p \   ^ u;o * *• n I  ^ n ■' no /
T h e  e q u a t io n  for th e  ev o lu t io n  of th e  p o ros ity  is o b ta in e d  com bin ing  
Kc{. -1.18 to g e th e r  w ith  Eq. 4.28 to  give:
D<P / 1 D P ^
Dt
M o m e n t u m  c o n s e r v a t i o n
For a  u n it  e le m e n t  o f  th e  p o ro u s  m e d iu m  m ix tu re ,  th e  m o m e n tu m  b a lance  
e q u a t io n  can  b e  w r i t t e n  as:
D u i  D  /  W i  \  D  /  V i  \
In th is  eq u a t io n ,  p is th e  d e n s i ty  o f  th e  m ix tu re ,  w hich  is def ined  as:
p =  P a ( l  -  0 )  +  Pw4>Snj 4- Pn4>Sn- (4.59)
T h e  te rm s  e x p re s s in g  th e  re la t iv e  acce le ra tion  o f  th e  fluids a re  neglected. 
T h is  is r e a s o n a b le  for q u a s i - s ta t ic  processes, w hich is th e  case  here. U s­
ing  th e  effective s t re s s  c o n c e p t .  E q u a t io n  4.4, a n d  know ing  t h a t  is the
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a c c e le ra t io n  o f  th e  solid , a,, th e  m otion  e q u a t io n  for th e  m ix tu re  is:
^ ' j i j  ~  oc{Pw),i +  pi>i — pai =  0 (4.60)
T h e  eq u a t io n  o f  m o t io n  can  alsobe w r i t t e n  for each  c o m p o n e n t  ind iv idu ­
ally. H ence, the  e q u a t io n  of m o tio n  for th e  w e t t in g  p h a s e  is:
. c  , JLC L  ^ r. . d { w j 4 > S ^ )  ^
h 0^WPlL’^ i 0^-ulPw r-i . (P^wPw Q — Ptvz (4.61)
O X i  Dt o t
w h e re  Fi-un is th e  m o m e n tu m  exchange (coup ling  force a c t in g  on th e  w ett ing  
p h a se ) .  T h is  force is a s s u m e d  to take  th e  form  o f  D a r c y ’s law, i.e.
k =tS:
w h ere  is th e  fluid m obility , which can  b e  e v a lu a te d  as:
A ..,  =  (4 G3)^VJ\* xv)
H ere, is the  a b s o lu te  p e rm e ab il i ty  of th e  w e t t in g  fluid a n d  krw is th e  rel­
a t iv e  pe rm eab il i ty .  S u b s t i tu t in g  E q u a t io n s  4.62 a n d  4.63 in to  E q u a t io n  4.61, 
th e  w e t t in g  fluid velocity  gives:
w i  — ( V w j  T  P w b j  Piti^j) (4.64)
T h e  re la t io n sh ip  for th e  n o n -w e tt in g  fluid is o b ta in e d  in a  s im ila r  m anner,  
g iv ing :
Vi = A n - (  PfiJ T  Pnbj pnClj) (4.65)
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w here  is defined as:
A = k (4.6G)
In th is  equa t ion ,  an d  k m  a re  th e  abso lu te  a n d  re la tive  perm eab il i t ie s  
w ith  respec t to  th e  n o n -w e tt in g  phase, respectively.
S um m ariz ing , th e  e q u a t io n s  to  be  solved num erica l ly  are:
•  m o tion  e q u a t io n  for th e  m ix tu re  in te rm s of effective  s tresses, Eq. 4.60,
{g '-j -  apw ) . h  pbi -  pai  ■= 0 ,
•  mass conserva tion , Eq. 4.51, Eq. 4.52, Eq. 4 .55, Eq. 4.56,
Pw ~  O-i^ifp -f- Pujf,
=  Ui^ifs -f- ‘Sui/,
•  fluid velocities (m od if ied  D arcy 's  law for th e  tw o  fluids):
aj i  P t u j  " b  P w ^ j  P x i j a j ) i
and.
ft — {—PnJ +  Pnbj — Pnaj).
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Chapter 5
Numerical Solution of the 
Coupled Equations of 
Two-Phase Flow in a 
Deforming Porous Medium
5.1 Introduction
T h e  p ro c e d u re  used to solve th e  system  o f  coup led  e q u a t io n s  describ ing  two- 
p h a s e  flow in a  defo rm ing  p o ro u s  m ed ium  is b a se d  on  th e  following premise: 
b e c a u se  th e  pore p ressu re  a n d  s a tu ra t io n  changes  have  one co m p o n en t  re­
la te d  to  th e  vo lum etric  s t r a in  of th e  solid an d  th e  o th e r  re la te d  to the  fluid 
flow p a ra m e te r s  (m obilit ies , p ressu re  g rad ien ts ,  d ivergencies)  these  c o m p o ­
n en ts  c a n  be  s e p a ra te d  a t  e ach  t im e  s tep , while m a in ta in in g  coupling. T h is  
is d o n e  by including u n d ra in e d  po re  p ressure  a n d  s a tu r a t io n  changes d u e  to 
v o lu m e tr ic  solid s t ra in  in  w h a t  is called th e  ’m e ch an ic a l  p o r t i o n ’ of th e  cal­
c u la t io n  a n d  the  d ra in e d  p o re  p ressu re  a n d  s a tu r a t io n  changes  in the  ’fluid
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flow c a lc u la t io n  p o r t io n ’.
F or each  real time step , th e  m e c h a n ic a l  p o r t io n  evolves in s ta n ta n e o u s ly ;  
no rea l t im e  elapses. Due to  th e  v o lu m e tr ic  d e fo rm a tio n  o f  th e  solid  a n d  
fluid co m p ress ib i l i ty  co n tra s t ,  th e re  a re  u n d ra in e d  p o re  p re s su re  a n d  s a t u ­
ra t io n  c h an g e s  during  the  m e c h a n ic a l  p o r t io n .  T h e re  is a  ch an g e  in effec­
tive  s t r e s s ,  a n d  s tra ins  are  p r o d u c e d  acco rd in g  to  th e  c o n s t i tu t iv e  eq u a t io n .  
E q u i l ib r iu m  for the mixture^ so lid  p lu s  fluids, is ach ieved  th ro u g h  d y n a m ic  
re la x a t io n  a t  each tim e s te p  (see  C h a p t e r  3). T h e  solid  is p e rm e a te d  by 
fluids t h a t  will move (deform ) a c c o rd in g  to  th e  m o tio n  e q u a t io n  (w hich has  
b een  w r i t t e n  in terms of th e  m ix tu r e  o f  solid  p lus  two fluids). T h e  o u t  of 
b a la n c e  forces a re  d e te rm in e d  a n d  th e  re su lt in g  velocity  of th e  solid  a n d  
c o r r e s p o n d in g  s tra in  ra te  a re  ca lc u la te d .  Following, flow a n d  d is s ip a t io n  of 
p o re  p r e s s u re  take  place. T h e  flu id  flow p o r t io n  consis ts  on  m a rc h in g  in real 
t im e  b y  in te g ra t in g  the  m ass b a la n c e  e q u a t io n s  an d  genera lized  D a rc y ’s law 
( E q u a t io n s  4.51, 4.52, 4.64 a n d  4.65 in C h a p te r  4). T h e  c a lcu la t io n  s tep s  
a re  r e p re s e n te d  schem atically  in  F ig u re  5.1.
In a  fluid  p e rm e a te d  p o ro u s  solid , th e  s y s te m  is b ro u g h t  o u t  of b a lan ce  by 
th e  fo llow ing  factors: a) e x te r n a l  load ing ; b) g ravity ; c) velocity  c o n s tra in ts ;
d) p o re  p re s s u re  a n d /o r  s a tu r a t io n  changes , b o th  u n d ra in e d  (from  th e  m e ­
c h a n ic a l  p o r t io n )  and d ra in e d  ( f ro m  th e  fluid flow p o r t io n )  a n d ,  consequently ,
e) c h a n g e s  in effective and to ta l  s tresses.  T h e  d y n a m ic  re la x a t io n  p ro c e d u re  




t* =  t* + A t*
FLUID FLOW CALCULATION
Newton’s Iteration
t =  t  +  A I
M om entum  balance 
fo r the m ixture 7 . ^
Effective stress tensor
Solid displacem ents and strain tensor 
(M otion equation)
Undrained pore pressure generation 
and saturation  changes
Fluid velocities (water and oil) 
Pore pressure and saturations 
Mass Balance, D arcy 's law
P ig u re  5.1: Scliem atic  r e p re s e n ta t io n  ot tne  overall c a lc u la t io n  process.
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into e q u i l ib r iu m  d u r in g  each real t im e  s tep .
T h is  p ro c e d u re  accom odates  the  fac t t h a t  m echanical effects o c c u r  a lm o s t  
in s ta n ta n e o s ly  (o rd e r  of milliseconds), w hile  fluid flow and  d is s ip a t io n  o f  p o re  
p ressu re  a re  long  te rm  processes th a t  c a n  la s t  m inutes, days, weeks, o r  even  
years. T h o u g h  rocks exh ib iting  creep o r  viscous ( t im e-d ep en d en t)  b e h a v io r  
are  n o t  co n s id e re d  here, the  explic it  f in ite  difference techn ique  can  b e  u sed  
to acc o u n t  for th e se  effects [25|.
5.2 M echanical calculation for the tw o-phase  
flow-deform ing system
For th e  m e ch an ic a l  portion , th e  e q u a t io n  o f  m o tio n  for th e  m ix tu re  ( E q u a ­
tion 4 .GO) is so lved , using the  d y n a m ic  re la x a t io n  procedure .
Several ch an g e s  from the pure ly  so lid  fo rm ula tion  are in t ro d u c e d  in th e  
m echardca l c a lc u la t io n  when the  p resen ce  o f  p o re  fluids is considered . T h e  
co n s t i tu t iv e  e q u a t io n  is applied  to  y ie ld  th e  change  in effective s tresses  b e ­
cause  th e  s t r a in  ra te  controls the  effective s tress  ra te . However, th e  m o t io n  
e q u a t io n  is a p p l ie d  to  ba lance th e  to ta l  s tresses.
Secondly, i t  is necessary  to  assum e t h a t  th e  fluid s a tu ra te d  solid e x h ib i ts  
a  m ore  s tiff  r e sp o n se  under a  given lo a d in g  cond ition  t h a t  w ould  th e  d r y  
po ro u s  solid ( in  som e codes, an  a p p a r e n t  bu lk  m odu lus  is u sed  in o rd e r  
to  cons ider  th is  en h an c ed  stiffness [25]). T h is  effect is inc luded  d irec tly  in 
th e  p ro g ra m  d ev e lo p ed  here by cons ider ing  th e  effective s tress  changes  a n d
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t,he in c re m e n ta l  pore pressure g en e ra tio n  d u r in g  th e  m echanical p seudo  t im e  
s tep , th u s  e l im in a tin g  the  need for a n  a p p a r e n t  bu lk  m odulus.
5 .2 .1  U n d ra in ed  p ore  p ressu re  g en era tio n  d u rin g  th e  
m ech an ica l p o rtio n
From  E q u a t io n  4.51, it can be seen t h a t  p o re  p ressu re  changes have a c o m p o ­
n en t r e la te d  to  th e  volum etric  s t ra in  r a te  o f  th e  solid  (first te rm ) an d  a n o th e r  
c o m p o n e n t  re la te d  to the  j l o w  o f  f lu id s  (second  te rm ) .  In fact, the  second  
te rm  in E q u a t io n  4.51 con ta ins  all fac to rs  a sso c ia ted  w ith  fluid flow: d iv e r ­
gence  o f  th e  flu ids’ velocities a n d  g ra d ie n ts  o f  p ressu re  and  s a tu ra t io n .  T h is  
allows th e  po re  pressure effects to  b e  s e p a ra te d  accordingly. T h e  num erica l  
p ro c e d u re  used  to solve th e  eq u a t io n s  ta k es  a d v a n ta g e  of this s i tu a t io n  by 
in c lu d in g  th e  com ponen t re la ted  to th e  v o lu m e tr ic  s t ra in  of the  solid as p a r t  
th e  m e c h a n ic a l  calcu la tion , a n d  th e  fluid flow c o m p o n en t  as p a r t  o f  th e  flow 
ca lcu la t io n s .
P o re  p re s su re  genera tion  u n d e r  u n d ra in e d  cond itions  is con tro lled  on ly  
by th e  firs t t e rm  in E qua t ion  4.51, s ince  th e  q u a n t i ty  P ^ f  equals  zero d u r in g  
th e  m e c h a n ic a l  po r tion  (because  of u n d ra in e d  conditions) .  T h e  first te rm  in 
E q u a t io n  4.51 in inc rem enta l form is:
^P-uni =  f pU i , iA P .  (5.1)
T h e  m e c h a n ic a l ,  pseudo tim e s tep  is d e n o te d  here  by using an  asterisk .
P o re  p re ssu re  accum ula tes  d u r in g  th e  seq u en ce  o f  m echan ica l p seudo  t im e
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s tep s  n eeded  to  ah ieve  eq u il ib r iu m  a t  a  p a r t icu la r  real t im e  s te p  such t h a t  
a t  th e  en d  th e re  is a  value o f  to ta l  p o re  pressure, given by:
4L (5.2)
A t '
w here  P ” is th e  p o re  p re ssu re  from th e  previous real t im e  step.
N ote th a t ,  in th is  fo rm u la tio n ,  po re  p ressure  g en era tio n  is in c re m en ta l  
(d e p e n d e n t  on  s t r a in  ra te )  as  o p p o sed  to the  classical p o ro e la s t ic i ty  fo rm u ­
la tion  (C leary  [21|, D e to u rn a y  a n d  C h en g  [31]) in which p o re  p ressu re  is
d e p e n d e n t  on s t ra in .
T h e  to ta l  s tresses  are  c a lc u la te d  using  E qua tion  4.4, which in in c re m en ta l  
form  reads:
A a i j  = (Act'j -  A P w u 6 i j )A P  (5.3)
T h e  m o tio n  e q u a t io n  is invoked ag a in  an d  som e of th e  energy  of th e  s y s ­
te m  is d a m p e d  aw ay  (d y n a m ic  re la x a t io n  p rocedure). F u r th e r  s t ra in s  a re  
p ro d u c e d  a n d  h igher p o re  p re s su re  as well, until the  sy stem  reaches eq u i l ib ­
r ium . T h is  is th e  en d  of th e  first se t  o f  m echanical p seudo  t im e  s teps  a n d  
th e  p ro g ra m  p ro cee d s  w ith  th e  fluid p o r t io n  of the  co r resp o n d in g  t im e  s tep .
5 .2 .2  M o d ified  d e n s ity  sca lin g
D a m p in g  here  is th e  sam e  as  in th e  p u re  solid calcu la tions. However, th e  
d en s i ty  scaling  (see S ec t io n  3.13) has  been  changed to  reflect th e  p resence  o f  
p o re  fluid. T h e  d e n s i ty  sca ling  also will need to be  a d ju s te d  w hen  different 
c o n s t i tu t iv e  e q u a t io n s  a re  used.
8 2
T h e  n o rm a l  s t re ss  co m p o n e n t  in the  x -d irec tio n ,  a n ,  is ca lcu la ted  as:
2
'^ 11 = ( K  — —G ) ( e i i  -t- 622) T  2 6 'c i i  — aPu,u , (5 .4)
w here  T 622)- T h e  factor /p  h a s  a l re a d y  been  defined in E q u a ­
t io n  4.55. R ecall t h a t  Uj  ^ =  U;  ^ -t- uo_2 = e u  T €22- Therefore.
2
O n = (A — —G )(e i i  -f- 622) T 2 G e n  — a f p ( e n  f  ^22) (5.5)
T h e  speed  o f  th e  d i la ta t io n a l  wave in th e  x -d irec t io n  is again e s t im a te d  as:
a n d ,  hence,
T7ÏG
Cp — -  oVp (5.7)
5 .2 .3  U n d r a in e d  ch an ge  o f  sa tu r a tio n
.As w ith  p o re  p re s su re  ca lcu la tions , changes in  s a tu r a t io n  have been  s e p a ra te d  
in to  those  r e la te d  to  th e  solid vo lum etric  s t r a in  u n d e r  u n d ra in e d  cond it ions  
a n d  those  a s s o c ia te d  w ith  fluid flow.
T h e  d e fo rm a t io n  of th e  solid  can cause  a  c h a n g e  in s a tu ra t io n  becau se  
o f  th e  e v e n tu a l  d ifference in th e  com press ib ili t ies  o f  the  fluids (w etting  a n d  
n o n -w e tt in g ) .  T h e  following express ion  (first te rm  in E qua tion  4.52) is u sed  
to  d e te rm in e  th e  ch an g e  in s a tu r a t io n  d u r in g  th e  m echan ica l p o r t ion  o f  th e  




Recall t h a t  th e  c o n s ta n ts  C „i a n d  a re  given by:
C'wl =
[a -  (p) <t>
r
AT, AT,
(q  -  0 ) ^  <p
A \  A',
a n d  C„i =
an d  n o te  t h a t  if th e  com press ib ili t ies  of the  fluids ( 1/ a n d  1 /  AT„) are  equal, 
th en  Cjii equa ls  C ^ i  a n d  the re  will be  no change in s a tu r a t io n  induced  by 
th e  solid vo lum etr ic  s t r a in  d u r in g  th e  un d ra in ed  ca lcu la t io n .
.As w ith  th e  u n d ra in e d  pore  p ressu re  change, is th e  cum ula tive  value 
of s a tu r a t io n  o b ta in e d  d u r in g  th e  m echan ical p o r t io n ,  cons ider ing  the  s a t u ­
ra t io n  from th e  p rev ious  real t im e  s tep , 5 " ,  i.e.
= -S'” -b ^  (5.9)
£•
w here  has  been  defined  in E q u a t io n  5.8.
5 .2 .4  C o n v erg en ce  o f  m ech an ica l c a lcu la tio n s
T h e  c r i te r io n  to s top  th e  sequence  of m echanical s te p s  is based  on  the  re la ­
tive value o f  th e  o u t-o f-b a lan ce  forces in th e  sy stem . A. value o f  m ax im um  
o u t-o f-b a lan ce  force is p re sc r ib e d  such th a t  w hen a  g iven value  is achieved, 
th e  m echan ica l  ca lcu la t io n  is s to p p e d ,  even though  th e  fluid flow p o r t io n  of 
ca lcu la t ion  con tinues  for th e  t im e  s tep . T h is  perm iss ib le  ou t-o f-b a lan ce  force 
can  be  a b o u t  th re e  o rd e rs  of m a g n i tu d e  sm alle r  th a n  th e  ou t-o f-ba lance  force 
o b ta in e d  for th e  first rea l  tim e s tep ,  o r  it can  be c h a n g e d  to  be  less res tr ic ­
tive in o rd e r  to  speed  u p  convergence a n d  reduce  th e  n u m b e r  o f  pseudo  tim e 
s tep s  needed  for equ i l ib r ium . T h e  accuracy  of th e  c a lcu la t io n  sough t will 
u l t im a te ly  d ic ta te  th e  to lerance.
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T h e  s topirig  criterion  can  b e  chan g ed  as real t im e  progresses. If the  
e x te rn a l  forces, o r  b o u n d a ry  co n d i t io n s ,  a re  cons tan t  in tim e, th e  m o s t  critica l 
s i tu a t io n ,  in te rm s  of ba lan ce  o f  forces, will be a t  the  first t im e s te p ,  a t  which 
th e  b o u n d a r y  conditions a re  ap p l ied .  O nce  this initia l s i tu a t io n  is ba lanced , 
th e n  th e  sy s tem  will be  p u t  o u t  o f  ba lan ce  by the  fluid flow a n d  a  different 
v a lue  o f  perm issib le  o u t-o f -b a la n c e  force m ay be used.
T h i s  is th e  last s tep  in th e  seq u en ce  o f  calcu la tions for th e  m echan ica l 
p o r t io n  of th e  code (F igure  5.2).
5.3 Num erical so lu tion  for the fluid flow
T h e  flow eciuations were fo rm u la te d  to  y ie ld  two fu n d a m e n ta l  unknow ns: the  
w a te r  s a tu r a t io n  and  th e  w a te r  p ressu re .  All o the r  q u a n t i t i e s  a re  ca lcu la ted  
from  these . T h e  flow eq u a t io n s  a re  solved a t  the e lem en t level ( q u a d r i la te r ­
als). P o re  p ressu re  an d  s a tu r a t io n s  a re  considered e lem en t cen te re d  variab les 
(F ig u re  5.3). T h e  fluid velocity  d ive rgence  is e lem en t-cen te red ,  as well. How­
ever, fluid velocities, Wi a n d  Uj, to g e th e r  w ith  p ressure  a n d  s a tu r a t io n  g ra ­
d ie n ts  a re  node-cen te red  q u a n t i t ie s .  To convert n o d e -ce n te red  q u a n t i t ie s  to 
e le m e n t-c e n te re d  values, an  a v e ra g e  of th e  values over th e  four n o d es  b e lo n g ­
ing to  th e  e lem en t is tak en  a n d  a ss igned  to  the  elem ent. R ecall t h a t  th e  pore  
p re s su re  ca lcu la ted  du ring  th e  m e ch an ic a l  po rtion  o f  th e  co d e  is assoc ia ted  
w i th  tr iang les .  However, for t h e  fluid flow portion, p o re  p re s su re  is associ­




Geom etrical param eters
Apply initial conditions
C alculate nodal masses
Calculate out-of-balance forces
C alculate nodal velocities 
using the equation o f motion
Displacem. B.C.
Update nodal displacem ents
Update nodal mass
Calculate strain increments
M odify strain  tensor using 
mixed discretization
Determine undrained pore 
nre.ssure and saturation chance;
Calculate the stress tensor through 
 the constitutive equation_____
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calculation
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L igure D.Z: S te p s  tor tn e  m ecnan ica l ca lcu la tion .
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V  i j  f l u i d  v e l o c i t y  g r a d i e n t s  
w i . j
F ig u re  5.3; Definition o f  variab les for th e  fluid flow ca lcu la tion .
p ressu re  c o r re s p o n d in g  to the two sets  o f  over lap p in g  tr iang les  in c lu d ed  in  a 
cp iad r i la te ra l  is ass igned  to the  e lem ent. T h e  s a m e  holds for th e  s a tu r a t io n .
5 .3 .1  S o lu t io n  variab les a n d  su m m a ry  o f  flow  eq u a­
t io n s
To solve for w a te r  p ressu res  a n d  s a tu ra t io n s ,  th e  fluid flow equa t ions ,  Eqs. 4.5 1 
a n d  (re feq .m csw , a re  re s ta te d  as:
Pw =  Pwu  +  (5.10)
Sw S-u}^  Siufù^t  (5.11)
T h e  t e r m s  Pw-u. a n d  8^^^ a re  know n a t  th e  e n d  o f  th e  m echan ica l  ca lcu ­
la tion  a n d  re p re s e n t  th e  cum ula tive  values g iven  by  E qua t ions  5.2 a n d  5.9,
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respectively . T h e  te rm s  a n d  5^,/ a re  o b ta in e d  from E qua tions  4.51 a n d  
4.52.
T h e  D a rc y  eciuations for the  fluids a re  re w r i t te n  as:
Wi = Pw.j f  Pw^j)  (•^•12 )
~  ( Pn,J T Pribj). (5.1-3)
N ote  t h a t  th e  difference with respect to  E q u a t io n s  4.64 a n d  4.05 is t h a t  th e  
te rm s  d e p e n d in g  on accelera tions  of th e  solid  have been elim inated . T h is  is 
d u e  to  th e  fac t t h a t  the  body  is b ro u g h t to  eq u il ib r iu m  th rough  the  d y n am ic  
re la x a t io n  p ro c e d u re  a f te r  each real t im e  s tep ,  so th a t  accelera tions o f  th e  
solid  a re  p ra c t ic a l ly  zero after  the  m echan ica l  p o r t io n  for each real t im e  s te p  
has b een  co m p le ted .
Before ex p la in in g  in detail th e  p ro c e d u re  o f  ca lcu la t in g  the variables in ­
volved, th e  b o u n d a ry  conditions  for d iffe ren t flow s i tu a t io n s  m ust be e x ­
p la ined . S tre sse s  a n d  velocity (or d isp la cem e n t)  res tr ic t io n s  for the  solid a t  
th e  b o u n d a r ie s  a re  se t  in the  sam e m a n n e r  as was d iscussed in C h a p te r  3.
5 .3 .2  B o u n d a ry  con d ition s
P o r e  p r e s s u r e  b o u n d a r y  c o n d i t io n s .
T w o co n d i t io n s  a t  th e  boundarie s  can  genera lly  be  found: a) no flow 
or b) flow b o u n d a ry  conditions  w ith  specified  p o re  p ressu re  values. A n o ­
flow b o u n d a r y  cond it io n  is im posed  by s e t t in g  th e  p ressu re  g rad ien t in th e  
d irec tio n  n o rm a l  to  th e  b o u n d a ry  equal to  zero a n d  also th e  velocity o f  th e
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fluids Lake a  zero value in a d irection  no rm al to th e  b o u n d a ry .  In th e  case  of 
no-flow b o u n d a ry  conditions , po re  p ressure  a t  b o u n d a ry  p o in ts  is unknow ri 
a n d  needs to  be  solved for.
To set a free flow b o u n d a ry  cond ition  w ith  a p re sc r ib e d  value  o f  po re
pressu re  a p h a n to m  rncsh is built ou ts ide  the  b o u n d a ry  (F ig u re  .0 . 1). Values 
of p o re  p ressu re  co rrespond ing  to the  p h a n to m  e lem en ts  a re  se t  to  zero or
a re  equa l to  a p resc r ib ed  quan tity .  T h e  p ressu re  g ra d ie n ts  a t  th e  b o u n d a r ie s
a re  ca lc u la te d  using these  p h an to m  e lem en ts  by th e  s a m e  p ro c e d u re  used 
for in te rn a l  e lem en ts  [51|. W here  pore  p ressure  in th e  b o u n d a ry  is specified, 
s a tu r a t io n  is free to change  since flow is perm ited .
S a t u r a t i o n  b o u n d a r y  c o n d i t i o n s
T h e  on ly  c i rc u m s ta n c e  under which a  b o u n d a ry  c o n d i t io n  is forced for 
s a tu r a t io n  is w hen fluids a re  in jected w ith  a  p a r t ic u la r  v o lu m e tr ic  c o n c e n t ra ­
t ion  a t  the  b o u n d a ry .  In th is  case the  co rrespond ing  s a tu r a t io n  is ap p l ied  to  
th e  b o u n d a ry  nodes. S a tu ra t io n s  a re  zone-centered  variab les , b u t  for a  grid- 
p o in t  an  average  from th e  su rro u n d in g  e lem en ts  is ass igned . T h is  does  no t 
in t ro d u c e  a d d i t io n a l  e rro rs  since th e  sy s tem  of coup led  e q u a t io n s  is solved 
for th e  c e n te r  p o in t  o f  th e  zones a n d  the  d e p e n d e n t  var iab les  a n d  are  
cons idered  piecewise co n s tan ts  (co n s tan ts  inside th e  e le m e n t) .
For th e  ca lc id a t io n  o f  th e  s a tu ra t io n  g rad ien ts  in case  o f  a  no-flow b o u n d ­
ary, th e  s a tu r a t io n s  o f  th e  p h a n to m  e lem ents  a t  th e  b o u n d a r y  a re  se t  to  th e  
sam e  s a tu r a t io n s  of th e  equivalen t e lem ents  in th e  m esh .
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F igu re  5.4: P h a n to m  m esh to ap p ly  b o u n d a r y  cond itions
5 .3 .3  N o n lin e a r  it ies and  t im e  a p p ro x im a tio n s
T h e  se t  o f  e q u a t io n s  to  be  solved is non linear ,  since th e  coefficients a n d  
m ob ili t ie s  a re  func tions  o f  th e  unknow ns {P^  a n d  S-u,)- If th e  s im ple m e th o d  
of l in ea r iz a t io n  b ased  on lagging coefficients  is used , all variables will be  
e v a lu a te d  a t  th e  p rev io u s  t im e  s tep  a n d  th e  so lu tio n  will be  explicit . However, 
t h e  t im e  s te p  n eed ed  for s tab i l i ty  of th e  schem e is u su a lly  too  small to  be  
u sed  p ra c t ic a l  ca lcu la tions .  Im plic i t  t im e  a p p ro x im a t io n s  a re  preferred . T h is  
m e a n s  t h a t  coefficients a n d  m obilities a re  e v a lu a te d  a t  a n  advanced  t im e  
(sam e  t im e  s te p  as  used  for th e  fu n d a m e n ta l  u n k n o w n s) .
T h e r e  a r e  m a n y  so lu tio n  m e th o d s  a n d  fo rm u la t io n  o p t io n s  to solve th e
90
flow eq u a t io n s  (see M at ta x  a n d  D a lto n  [72] for an  ex tensive  review). A c­
tua lly ,  th e re  are reco m m en d ed  m e th o d s  for p a r t ic u la r  m ode lling  s i tu a tio n s .  
However, since the em p h as is  o f  th is  d is s e r ta t io n  is n o t  on n u m e rica l  so lu tio n s  
o f  fluid flow, bu t r a th e r  in th e  cou p lin g  w ith  th e  porous  so lid  d e fo rm a tio n ,  
a  s im p le  m e th o d  which can  p ro v id e  rea so n ab le  accuracy  a n d  re liab ility  w as 
chosen .
T h e  s im ples t im plicit p ro c e d u re  to  solve th is  set of n o n lin ea r  e q u a t io n s  is 
s im p le  i te ra tion .  For th is  p u rp o se .  E q u a t io n s  5.10 an d  5.11 a re  d isc re t ized  
in t im e  as;
+  (5.14)
T h e  su p e rsc r ip t  n in d ica te s  th e  real t im e  s te p  level a n d  u th e  i te ra t io n  
s te p .  T h e  i te ra tions  are  d o n e  in a  s ta g g e re d  m a n n e r  s ta r t in g  w ith  s a tu ra t io n ,  
th e n  con tinu ing  with p ressu re ,  a n d  finally pass ing  to th e  n e x t  i te ra t io n .  .A. 
c o nvergence  tolerance is set, a n d  i t e r a t io n s  a re  pefo rm ed  u n t i l  th e  des ired  
to le ra n c e  is achieved. A t th is  p o in t ,  th e  ca lcu la t io n  is a d v a n c e d  in tim e. It 
h a s  b een  found th a t  generally , th is  s ta g g e re d  so lu tion  sch em e  for coup led  
e q u a t io n s  is conditionally  s ta b le  [64]. T h e  sm all  s tab le  t im e  s te p  is a  l im iting  
c o n d i t io n  in te rm s of c o m p u ta t io n  tim e.
A m o re  powerful im plic it  i t e ra t iv e  tech n iq u e ,  also t r ie d  in  th is  d is se r­
ta t io n ,  is th e  N ew to n -R ap h so n  m e th o d .  T h is  m e th o d  is s u i ta b le  to solve 
s t ro n g ly  nonlinear equa t ions .  T o  a p p ly  N e w to n ’s i te ra t io n s ,  th e  n o n lin ea r
91
s e t  o f  e q u a t i o n s  is w r i t t e n  as:
/  \ (n+l)
= A( (5.15)
A( (5.1G)
or, in res idua l form:
= 0 (5.17)
/  \  (» + l )
-  ^1;:) -  A( = 0 (5.18)
D en o tin g  th e  left-hand side  of t h e  above  equations  as func tions  /  a n d  g,  th is  
can  b e  re w r i t te n  as:
= 0, (5.19)
w hich can  be  com bined to yield a  function  F  conta in ing  b o th  variab les , now 
identified  w ith  a vector x, as:
F ( x )  =  0 (5.20)
T h a t  is, h a l f  of the  e lem en ts  o f  vec to r  x  are  the unknow n values  of a n d
th e  o th e r  h a l f  correspond  to  th e  u n k n o w n  sa tu ra t ions . T h e  N e w to n  i te ra t io n
s te p  for th e  se t  of equa t ions  is:
^nc-w ~  ^oiei T ^ X  (5.21)
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w h e r e
6 x = - J  ' F  (5.22)
T h e  riiHt.rix J  is t he Jacobiiin  o f  th e  system . T h e  ro u tin e  u sed  for solving the 
s y s te m  o f non linear  eq u a t io n s  com es from  Press e t  al. [89| a n d  is based  on a 
g loba lly  convergent m e th o d  for non linear  equations.
5 .3 .4  M o b ilitie s  an d  ca lcu la tio n  o f  flu id  v e lo c it ie s
The lluid velocities are  given by Eciuations 5.12 a n d  5.13, w hich  a re  the
gen era lized  Darcy equations . T h e  fluid velocities are  c a lc u la te d  a t  the  grid- 
p o in ts ,  so the  Unite d ifference co n to u r  op e ra to r ,  given by E q u a t io n s  3.22 
a n d  3.23. is applied  to the  D arcy  ecpiations. For th e  w e tt in g  fluid velocity 
( igno ring  g rav ity )  the  express ion  is:
Pw)^Tij (5.23)
A/
w here  .V is again  the  side o f  th e  su m m a tio n  p a th  d e p ic te d  in F igu re  3.4. 
T h e  c o m p o n e n ts  of th e  w e tt in g  fluid velocity  a re  ( tak in g  indices i , j  to  be 
1, 2 in s te a d  of x. jj):
P T  6^1 (5.24)
/V
/V
For in s ta n ce ,  the  co n tr ib u t io n  to the  velocity  of th e  w e tt in g  fluid for the  
g r id p o in t  O , in the x -d irec tion , supp lied  by the  e lem en t labe led  by  fV — 1 in
93
F i g u r e  3 .4  is:
 ^ *'(y.4 —  V d ) -F X-uji-iP^ ^'(^.4 — ^ d ) \ -  (5 .26)
In tiie y -d ire c t io n  th e  a p p ro x im a tio n  is g iven by:
— — y o )  -F — x d )\ (5 .27)
S im ila r  ex p re ss io n s  can  also b e  w r i t t e n  for th e  rem ain ing  s u r r o u n d in g  e le­
m en ts .  T h e  to ta l  velocity  c o m p o n e n ts  are  o b ta in e d  by a d d in g  th e  c o r r e ­
sp o n d in g  te rm s  from  E q u a tio n s  5.24 a n d  5.25. T h e  n o n -w e tt in g  fluid  ve loc ity  
c o m p o n e n ts  a re  o b ta in e d  in th e  sa m e  m a n n e r .
T h e  m o b il i t ie s  o r  A„^  ^ a re  given by  E q u a t io n s  4.63 a n d  4 .66, i.e. for 
A tun th e  ex p re ss io n  is:
A .^. = fcu^ n ."".ON- (5.28)^TW ( Pxv )
l^wiPw) '
T h e  re la t iv e  p e rm e a b i l i ty  values ( k m  a n d  k m )  a re  d e te rm in e d  from  th e  re l­
a t iv e  p e rm e a b i l i ty  vs. s a tu ra t io n  cu rves  th a t  a re  e x p e r im en ta l ly  o b ta in e d .  
E i th e r  a  fu n c t io n  or a  ta b le  of d a t a  p o in ts  can be  th e  in p u t  to  th e  p ro g ra m .  
W h e n  re la t iv e  p e rm e ab il i ty  is given exp lic it ly  as  a  function  o f  s a tu r a t i o n ,  
th e  fo rm er is s im p ly  ev a lu a te d  for th e  p a r t i c u la r  value o f  s a tu r a t io n .  W h e n  
a  se t  o f  d a t a  p o in ts  is p rovided , a  cu b ic  sp line  is used to  in t e r p o la t e  a n d  
d e te rm in e  va lues  for th e  p a r t ic u la r  s a tu r a t io n  required. N o te  t h a t  for va l­
ues of s a tu r a t io n  sm alle r  th a n  Syj(^im) o r  g re a te r  th a n  (I  — Sar),  t h e  r e la t iv e  
p e rm e a b i l i ty  is ta k e n  to  b e  a n d  (1 — Sar), respectively. T h e  a b s o lu te
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p e rm e a b i l i ty  tenso r  an d  viscosity ra tio  (h y d rau lic  c o n d u c tiv i ty )  a re  given a s  
in p u t  p a r a m e te r s  for each zone.
T h e  averag ing ,  or w eighting, o f  m obilities is a  com plex  problem  in re se r ­
voir s im u la t io n  w hen finite difference m e th o d s  a re  used. Five- or n ine -po in t  
d ifference o p e ra to rs  a re  com m only  used to  ca lcu la te  th e  m ob ili ty  coefficients 
[72]. .A ssum ptions  such as tak ing  the  u p s t r e a m  value o f  m obility  are used  
b ecau se  m o b il i ty  a t  th e  in terface of two different e lem e n ts  is required. In 
th e  a p p ro a c h  used here, th e re  is no need  for m o b il i ty  w eighting since th e  
c o n to u r  o p e r a to r  considers  d irec tly  the  c o n t r ib u t io n  of su r ro u n d in g  e lem en ts  
to  th e  ve loc ity  of th e  fluid (m obility  tim es  p re s su re  g ra d ie n t) ,  as exp ressed  
by E q u a t io n s  5.24 a n d  5.25 and  F igure  3.4.
If d es ired ,  he te rogeneous  values can be  ass igned  to p e rm e ab il i ty  p a ra m e ­
te rs  for d if fe ren t zones, s im ula ting  layers, lenses o r  r a n d o m  properties .  M ore­
over, p e rm e a b i l i ty  an iso tro p y  can be  h a n d led  by  s u b s t i tu t in g  in th e  co rre ­
sp o n d in g  a n iso tro p ic  pe rm eab il i ty  tensor.
S ince  th e  m ass conserva tion  eq u a t io n s  a re  solved for th e  elem ents, th e  
fluid v e loc ities  a re  converted  from no d e-cen te red  to  zone-cen tered  q u a n t i t ie s  
by ta k in g  th e  a r i th m e t ic  average over th e  g r id p o in t  va lues  t h a t  define a n  
e lem en t.
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w( 1 )
F igu re  5.5: In teg ra tio n  p a th  for a  quadrila te ra l .
5 .3 .5  D iv erg en ce  o f  flu id  v e lo c it ie s
T h e  d ive rgence  of fluid velocities, Wi i a n d  Uj,,
tUi.i =  -t- tU2,2andUi,i =  U ij 4- tioo (5 .29)
a re  a p p ro x im a te d  by app ly ing  th e  c o u n to u r  o p e ra to r  given by E q u a t io n  3.14 
to each q u a d r i la te ra l  e lem ent (re fering  to  F ig u re  3.1, M = 4 ) .  T h e  s u m m a t io n  
p a th  is show n in F igure  5.5. T h e  velocities  a re  known a t  th e  g r id p o in ts ,  
a n d  a  l in ea r  in te rpo la t ion  is a s s u m e d  a long  th e  edges so, for ex a m p le ,  th e  
x -c o m p o n e n t ,  is given by:
I
2 A
(y(2) _  -  tUi'*))
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(5 .30)
T h e  g r id p o in ts  a re  d e n o te d  by the  co rrespond ing  n u m b e r  betw een p a re n th e ­
ses, a n d  .4 is th e  a re a  o f  q u a d r i la te ra l  1234, w hich is:
(5 .31)
For th e  y -co m p o n e n t th e  ap p ro x im a tio n  resu lts  in: 
1
W o  o — -----
2.4
(5 .32)
S im ilar  expressions  can  be w ri t ten  for the  d ive rgence  of the  n o n -w e tt in g  
fluid velocity. N o te  t h a t  th e  fluid d ivergences are  o b ta in e d  as e lem ent cen ­
te re d  quan t i t ie s ,  a n d  can  be  en te red  d irec tly  into th e  fluid flow equations .
T h e  sequence of s tep s  followed in the  fluid flow p o r t io n  o f  the  p ro g ra m  is 
d e p ic te d  in F igu re  5.6.
5.4 A utom atic tim e stepping for the fully- 
im plicit calculation
E ven  though  th e  fu lly-im plic it  fo rm ula tion  for th e  flow eq u a t io n s  is u n c o n ­
d it io n a l ly  s tab le ,  a cc u racy  could  b e  in  qu es tio n  if th e  t im e  s tep  is chosen  
to o  large. T h is  is p a r t ic u la r ly  im p o r ta n t  a t  ea r ly  t im es  w h en  fluid velocity  
g ra d ie n ts  a re  large. If t im e  s teps  a re  too sm all a t  th e  beg g in in g  in s tab il i t ie s  
will develop. T h is  consequence  is also p resen t in fin ite  e lem en t codes [130] 
a n d  has  to do w ith  th e  e r ro r  in t ro d u c e d  in t im e  d e r iv a tiv e s  w hen tim e  s te p s  
a re  very  small.
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FLU m  FLOW CALCULATIONS
A utom atic tim e-stepping
START
C alculate effective stresses 
with pore pressure (w eighted 
_______ b y  saturation)_______
Geojnctncal paraineteiB 




Calculate Pw and Sw  and 
get residual formCalculate nodal ^«locxties 
U pdak nodal (fisplacemenis
Divergence of water and 
o il velocitiesCalculate strain Increments
Pore pressure and saturation  
gradients
Modify strain tensor using 
mijsed discretization
C alculate fluid velocities 
(w  and o)
Fluid velocity 
 ___Determine undrained pace pressure snd saturation changes
I Calculate mobilities 
NEWTON’S riERA’nO N
Calculate ttie stress tensor through 
the constitutive equation
t* =  t* -t- A t
R escale pore pressure to  
en ter Newton’s iteration
U pdate geometry and sto re  
displacements
MECHANICAL CALCUIA’nO N S
j Output results
cAo
!• Igure o.b; Plow  c u a r t  tor the  tluid how p o r t io n .
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A n a u to m a t ic  t im e -s te p p in g  ro u t in e  for the  fu lly -im plic it  c a lcu la t io n  has 
b e e n  im p lem en ted .  T h is  co n s is ts  o f  changing th e  t im e  s te p  to  m a in ta in  a  
p re sc r ib e d  pressure d ro p  e s t im a te d  to  be  a b o u t  5 — 10% of t h e  in i t ia l  (first real 
t im e  s te p )  pore p ressu re  in c rem en t .  T h e  prescribed  p re s s u re  d ro p  p a ra m e te r  
can  affec t the  accuracy  of th e  c a lcu la tio n  because  it con tro ls  th e  size of the  
t im e  s te p .  T h is  p ressu re  d ro p  can  be  changed d u r in g  th e  rea l t im e  process, 
su ch  t h a t  it can  be sm a l le r  in ea r ly  t im es  an d  la rger as  t im e  progresses.
Also a  t im e  s tep  l im it  has  b een  es tab lished  for w h ich  th e re  is a  sw itch  
b e tw e e n  fully im plicit a n d  s im p le  s taggered  i te ra t io n  ty p e  o f  ca lcu la tions .  
If th e  t im e  s tep  is sm all,  s ta g g e re d  ite ra t io n  results  a re  m o re  efficient th a n  
a re  fully im plicit calcula i tons .  However, fully im plic it  m e th o d s  a re  p re ferred  
for la rg e r  tim e steps. T h i s  sw itch in g  p ro ced u re  is a u to m a t i c  b u t  th e  limit 
t im e  s te p  needs to be s e t  by th e  user. A trial run  can  be  m a d e  to  a d ju s t  th is  
p a r a m e te r  by co m p ar in g  th e  t im e  n eed ed  per tim e s te p  for a  fully im plic it  vs. 
a s im p le  i te ra t io n  ca lcu la tion .  A d ju s t in g  this p a r a m e te r  will g re a t ly  affect 
th e  to t a l  run  tim e  for a  given p rob lem .
5.5 Verification tests
5 .5 .1  O n e-d im en sio n a l co n so lid a tio n  p ro b lem , s in g le ­
p h ase  flow
A o ne-d im ens iona l  co n so l id a t io n  p ro b lem  (T erzagh i’s) h a s  b e e n  chosen  to  
check  th e  code. T h e  a n a ly t ic a l  so lu tio n  for this p ro b lem  is p re s e n te d  below.
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A n a l y t i c a l  s o l u t i o n .
Orie-dirneiisiorial consolidation  p ro b lem s  are  charac te r ized  by on ly  one  n o n ­
zero  n o rm al s t ra in  and  field q u a n t i t ie s  varying only in t h a t  d irec tio n  (un iax ia l
s t r a in  cond itions) .  If e^x i^ a  non-zero  s tra in ,  then  the  p o ro e la s t ic i ty  govern ­
ing e q u a t io n s  are  given by (D e to u rn a y  an d  Cheng [31]):
2 G ( 1 - ! / )  , ,  , , ,
O x x  — , ^IX  Ctp ( O .o o )I — l u
(Jrx (5.34)
(1 -  u)
w ith  p b e ing  th e  coupling p a ra m e te r s  in the  poroe lastic ity  eciuations.
U n d e r  u n d ra in e d  conditions , p o re  pressure is p ro p o r t io n a l  to  O n ,  i.e.,
=  " 3 ( 1
T h i s  ec |ua tion  gives th e  in itia l p o re  p ressu re  increm ent u n d e r  u n d ra in e d  con­
d i t io n s  [31|. By expressing e^x in  te rm s  of p and cr^x, an d  us ing  E q u a t io n  5.33, 
th e  diffusion equ a t io n  for the  p o re  p ressu re  is o b ta in ed  as:
T h i s  d ifferen tia l equa t ion  m u s t  b e  solved toge ther  w ith  th e  following b o u n d ­
a ry  conditions:
p =  0 a t  H = 0  
dp
—— =  0 a t  H —L a n d  also a t  y = 0 ,  y = W .  (5.37)
o x
1 0 0
T h e  in i t ia l  cond ition  is th a t  th e  p o re  p ressu re  equals  th e  u n d ra in e d  p o re  
p ressu re  in c re m e n t  a t the  t im e  ( =  0 ^ ,  which co rresponds  to  th e  t im e  a t  
which th e  load  is first applied , a n d  is given by E qua t ion  5.35.
T h e  e q u a t io n  is re s ta ted  in te rm s  o f  th e  following d im ension less  variables:
T = (5.38)
AL~
Hence, it  becom es, for a c o n s ta n t  ax ia l  load a^x-
T h e  a n a ly t ic a l  solution for th is  e q u a t io n  is:
P (x ,  0  =  T«[l -  T (X ,T )1  (5.40)
w here
F ( X  T i  =  I -
_ TMTT 2Jll— X •
N u m e r i c a l  s o l u t i o n
{ , ) 1 — ^  ----- s in ( — - — ) e x p (—7n ^ 7r “T ) .  (5.41)
m ~ 1 ,3 ,...
.A. w a te r - s a tu r a te d  colum n w ith  d im en s io n s  o f  80x40 cm  (F ig u re  5.7 is loaded  
axially. T h e  co lum n is free to  d ra in  on ly  from th e  to p  su rface , all o th e r  
surfaces  a re  no-flow ( im perm eab le )  b o u n d a r ie s .  T h e  ax ia l s t re s s  Up is a  s te p  
func tion  a p p l ie d  ins tan taneously .  T h e re  is no need for in c re m e n ta l  load ing  
to  p re se rv e  s ta b i l i ty  of the  code; full load  is app lied  a t  th e  b eg in n in g .  For 
th is  p ro b le m , Up has been se t  to  lO kP a .  C om parison  w ith  th e  a n a ly t ic a l
1 0 1
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F ig u re  a . / :  Soil co lu m n  s tiow m g b o u n d a ry  co n d i t io n s .
1 0 2
so lu t io n  for excess pore  p re ssu re  a long  th e  co lum n heigh t a t  d iffe ren t t im es  
is favo rab le  (F igures  5.8 a n d  5 .9). T h e  evo lu tion  of excess p o re  p re s s u re  w ith  
tim e, co n s id e r in g  th ree  d ifferen t p o in ts  in th e  colum n, can  be  d e te rm in e d  
a n d  ex ce lle n t  ag ree m en t is o b ta in e d  (F ig u re  5.10). T h e  evo lu tion  in t im e  of 
th e  re la t iv e  e r ro r  for th e  pore  p re s su re  ind ica te s  an  average re la tive  e r ro r  of 
a b o u t  2 .5%  (F ig u re  5.11). T h e  p e a k s  a n d  d iscon tinu it ies  in th e  e r ro r  a re  a  
c o n seq u en c e  o f  th e  change  in t im e  s te p  to confo rm  to th e  to le rance  p re sc r ib e d  
in o rd e r  to  have a  specified ch a n g e  in p o re  p ressu re (  as descr ibed  in Sec tion  
5.4). If s m a l le r  t im e  s tep s  (sm alle r  p ressu re  change  to lerances) a re  ta k e n ,  th e  
resu lts  a re  en h a n c e d  b u t  to ta l  t im e  for th e  run  is th e reb y  increased . E rro rs  
in c rease  w ith  t im e  because  th e  t im e  s te p s  increase  as well.
T h e  s e t t le m e n ts  o b ta in e d  f ro m  th e  num erica l an d  an a ly t ic a l  so lu t io n s  are  
in g o o d  a g re e m e n t  (F igure  5 .12).
W o rk  soften ing , using  a  t r i l in e a r  co n s t i tu t iv e  equa t ion ,  has  also been  
s tu d ie d  for th e  co lum n p ro b lem  geom etry . T h e  p a ra m e te rs  used a re  in d ic a te d  
in F ig u re  5.13. Also a m ore  rig id  m a te r ia l  is considered  since a  o n e  o rd e r  of 
m a g n i tu d e  h ighe r  Y oung’s m o d u lu s  is used. N o te  how th e  in itia l (u n d ra in e d )  
in c re m e n t  o f  p o re  p ressu re  is m u c h  less for th e  rigid m a te r ia l  t h a n  for a  
softer,  m o re  defo rm ab le  m a te r ia l ,  p re sen te d  in th e  p rev ious  ex am p le .  A 
c o m p a r iso n  of th e  d iss ipa t ion  o f  excess po re  pressure  in t im e  for a  l inear  
e la s t ic  c o n s t i tu t iv e  eq u a t io n  vs. a  tr i l in e a r  c o n s ti tu t iv e  e q u a t io n  fixing th e  
re s t  of th e  p a ra m e te rs  is p lo t t e d  (F ig u re  5.14). In a  m a te r ia l  w i th  w ork
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F ig u re  5.8: A na ly t ica l  (lines) vs. num erical (dots) r e su l t s  for po re  pressure 
d is s ip a t io n  in  t im e  along  th e  he ig h t  (y-coord ina te) o f  t h e  c o lu m n  (each curve 
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F ig u re  5.9: A n aly t ica l (lines) vs. num erica l  (do ts)  resu lts  for pore  p ressu re  
d is s ip a t io n  in t im e  along the  heigh t (y -co o rd in a te )  o f  th e  c o lu m n  (each cu rve  
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F ig u re  5.10: D iss ip a tio n  of excess p o re  p re ssu re  in the  co lu m n  (o n e -p h ase )  as 
a  func tion  o f  tim e. C o m p ar iso n  b e tw ee n  a n a ly t ic a l  (full lines) a n d  n u m e r ic a l  
(sym bol)  s o lu t io n  (each  curve belongs to  th e  p o in t  ind ica ted  a t  t h e  c o lu m n ) .
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F ig u re  5.11; E v o lu t io n  o f  p o re  p re s su re  re la t iv e  e r ro r  w ith  t im e  for t h e  one- 
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F ig u re  5.12: A na ly tica l (lines) vs. n u m e rica l  resu lts  (dots) for s e t t l e m e n ts  in 
th e  c o lu m n  for th e  o n e -d im en s io n a l  (one-phase)  conso lida tion  p ro b lem .
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soften ing  ( t r i l in e a r  c o n s t i tu t iv e  eq u a t io n ) ,  p o re  p ressu re  is m a in ta in e d  longer 
because  o f  co m p ac tio n .  T h a t  is, for a  given t im e  p o re  p ressu re  is h ig h e r  in 
the  solid  p o r t io n  th a t  is deform ing  m ore  b eca u se  it has  en te red  th e  p o s t -p e a k  
phase  of th e  cu rve  a n d  as a  consequence  has lower defo rm a tio n  p a r a m e te r s  
( E  a n d  G).  T h e  d iss ip a t io n  o f  p o re  p ressu re  in th e  linear m a te r ia l  is m uch  
fas ter  because  th e  d e fo rm a tio n  of th e  solid, which is m uch  less in th is  case, 
does n o t c o n t r ib u te  as m uch  to  po re  p re ssu re  m a in tenance .
S h e a r  m o d u lu s  changes w ith  t im e  in th e  co lum n (F igure  5.15). T h e  
change  in sh ea r  m o d u lu s  for th re e  p a r t i c u la r  po in ts  in th e  co lum n as a  fu n c ­
tion o f  t im e  is also  d e te rm in e d  (F igu re  5.16).
5 .5 .2  P o r o s ity  ch an ges d u r in g  cou p led  d e fo r m a tio n  
an d  flu id  flow
T h e  p o ro s ity  u p d a t e  d u r in g  th e  coup led  s t ra in  an d  flow th ro u g h  th e  p o ro u s  
m e d iu m  h as  b een  d e te rm in e d  a t  each real t im e  s tep  by solving E q u a t io n  4.57 
in an  exp lic it  m a n n e r .
E x p a n d in g  th e  m a te r ia l  deriva tives  a n d  reg roup ing  in E q u a t io n  4 .57  gives: 
d(p . d(p
—— b u  -H i — ctA T  4>A =  0 (5.42)
ot  O X i
w here
T h is  e q u a t io n  is d iscre t ized  in tim e as:
(5.44)
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F ig u re  5.13: E xcess  o f  p o re  p ressu re  in th e  co lum n  co n s id e r in g  a  t r i l in e a r  
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F ig u re  5.14: C o m p a r iso n  o f  excess p o re  p re ssu re  as a  fu n c t io n  o f  t im e  for 
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Figure  5.15: S h e a r  m o d u lu s  d e g ra d a t io n  in th e  co lum n  for d ifferen t t im e  
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F ig u re  5.16: S h e a r  m o d u lu s  d e g ra d a t io n  as a  func tion  o f  t im e  a t  th ree  dif­
ferent p o in t s  in th e  co lum n  (ind ica ted).
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All te rm s  in A are known a t  t h e  t im e  (n  4- 1), b u t  the  p o ro s i ty  g ra d ie n t  te rm  
is lagged to  tim e n. T h e  s p a t i a l  deriva tives  a re  solved u s ing  th e  c o u n to u r  
p ro c e d u re  (see C h a p te r  3).
T h e  fact th a t  the  in itia l p o re  p re s su re  is zero (i.e. t h e  o v e rp re s su re  g e n e r ­
a te d  by th e  loading is a d d ed  on  to  a  base  level th a t  equa ls  zero , r a th e r  th a n  
on to  a h y d ro s ta t ic  profile) a ffec ts  th e  porosity  changes  q u a n t i ta t iv e ly .  T h is  
is b e c a u se  th e re  is a  te n d en cy  in  t im e  to  d ra in  th e  co lum n  co m p le te ly  in s te a d  
of d is s ip a t in g  the  po re  p re s su re  g e n e ra te d  in o rd e r  to rega in  th e  h y d ro s ta t ic  
e q u i l ib r iu m  under  the  new lo a d in g  conditions . In th is  case  case  som e fluid 
v o lum e will always rem ain  to  he lp  s u p p o r t  th is load a n d  p o ro s i ty  changes 
will have  a  limit different f rom  zero. However, th is  c a lc u la t io n  p e rm i ts  th e  
effect of poros ity  changes to  b e  iso la ted  eluding g rav i ty  effects. To avoid  
n u m e rica l  e rrors  aris ing  from  h av in g  poros ity  m a g n itu d e s  e q u a l  to  zero, a n  
a r b i t a r y  value  of lim iting  p o ro s i ty  o f  0.1 was in tro d u ced .  T h i s  will n o t  be 
n ece sa ry  if g rav ity  is considered .
P o ro s i ty  changes in th e  c o lu m n  a re  p lo t ted  for an  in i t ia l  w a te r  s a tu r a t io n  
of 0.35 (F ig u re  5.17). Even  th o u g h  th e re  are  d r a m a t ic  c h an g e s  in p o ros ity  
over t im e, they  have no t  a ffec ted  p o re  p ressure  or d isp la c e m e n t  responses  
(F ig u re s  5.19 and  F igure  5 .18). T h is  observa tion  obviously  is a  consequence  
o f  n o t  inc lud ing  re la ted  ch an g e s  in  p e rm e ab il i ty  t h a t  follow th e  d e fo rm a tio n  
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F ig u re  5.17: P orosity  c h an g e s  in  t im e  (expressed  in  seconds) a lo n g  th e  co lu m n  
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F igu re  5.18: C o m p a r iso n  of p o re  p ressu re  re su l ts  w i th  p o ro s i ty  u p d a t e  (do ts)  
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F ig u re  5.19; C o m p a r iso n  o f  d isp la cem e n t  re su lts  w ith  po ros ity  u p d a t e  (d o ts )  
a n d  w ith o u t  p o ro s ity  changes (line) for in i t ia l  w a te r  s a tu ra t io n  o f  0.35
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Df the  code have been d e m o n s t r a te d  in  severa l ex am p le  p ro b -  
lext. F irs t,  tw o-phase  flow co u p led  w ith  solid  d e fo rm a tio n s  
or the  colum n p rob lem . P a ra m e t r ic  s tu d ie s  were p e rfo rm e d  
aence of initia l s a tu r a t io n ,  e las t ic  p ro p e r t ie s  a n d  so f ten ing  
le excess of pore p re s s u re  d is s ip a t io n  a n d  se t t lem en ts ,  
m p a c tio n  o f  an  idea lized  reservo ir  d ra in e d  by a  single well 
der, side an d  o v e rb u rd e n  layers  w ere  in c lu d ed  in th e  m ode l,  
w an d  defo rm ations  b e in g  ta k e n  in to  a c c o u n t  in all layers, 
softening o f  th e  rese rvo ir  rock, layer  p r o p e r ty  c o n t ra s t  a n d  
ip o n  the  behav io r  o f  th e  reservo ir  w as considered .
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6.2 C onsolidation problem s
6 .2 .1  O n e-d im en sio n a l co n so lid a tio n  co u p led  w ith  two- 
p h a se  flow
T h e  co lu m n  p ro b lem  presented  in S ec t io n  5.5.1 was ta k e n  to  m odel s im u l­
ta n e o u s  flow o f tw o fluids coupled w ith  d e fo rm a tio n s  o f  th e  m a te r ia l .  T h e  
b o u n d a ry  cond it io n s  for bo th  s t re s s /d is p la c e m e n ts  a n d  fluid flow a re  the  
sa m e  as show n  in F ig u re  5.7. In th is  ex am p le ,  th e  re la t iv e  p e rm e ab il i ty  
curves  h ave  been  tak en  from the  l i te r a tu re  [72j as;
fcrw =  0 . 7 3 3 5 ,^ - 0 .1 0 9 9
K o = -0 .7 3 3 5 , , ,  +  1.1099 (6.1)
A hyp erb o lic  func tion  [34] was ta k en  for th e  cap illa ry  p re s su re  curve, from 
th e  sam e d a t a  se t  [72|:
In  F ig u re  6.1, th e  excess po re  p re s su re  d is s ip a t io n  for different in i t ia l  
s a tu r a t io n s  is show n. T h e  pore p ressu re  d is s ip a t io n  is sm a lle r  for decreasing  
values of in i t ia l  w a te r  s a tu ra t io n .  In th is  case  th e  cap i l la ry  p ressu re  has  been  
ignored.
T h e  ch a n g e  in w a te r  s a tu ra t io n  along th e  co lu m n  h e ig h t  is show n in  F ig ­
u re  6.2. As th e  oil is d isplaced o u t  of th e  co lum n, th e  w a te r  s a tu r a t io n  
increases beg in  from th e  top. At la te r  t im es , th e  w a te r  s a tu r a t io n  increases
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s t r ic te d  w hen  several fluids a re  flowing a t  th e  sam e time.
T h e  influence of th e  cap illa ry  p ressu re  is p resen ted  in F ig u re  6 .6  for an 
in itia l s a tu ra t io n  of S^o  = 0.35. T h e  cap illa ry  p ressu re  e n h a n c e s  th e  flow 
such  t h a t  a  his te r  decrease in p o re  p re ssu re  occurs. A t h ig h e r  in i t ia l  w ater  
s a tu r a t io n s  this effect is not im p o r ta n t ,  since  capillary  p re ssu re  is very  low 
a t  h igh  w a te r  s a tu ra t io n  values. T h e  ch ange  in s a tu r a t io n  cons ide r ing  the 
effect of capilla ry  p ressu re  is show n  in F ig u re  6.7. T h e  ch an g e  in  s a tu r a t io n  is 
h igher  in th e  case w here cap illa ry  p ressu re  is present, b eca u se  cap i l la ry  forces 
a re  e n h a n c in g  flow. For th is  p a r t i c u la r  case (elastic m odu li ,  p e rm eab il i ty  
a n d  loads im posed), th e  cap illa ry  p h e n o m e n o n  is m ore  im p o r ta n t  th a n  the 
p o ro e la s t ic i ty  effects (excess o f  p o re  p ressu re  due  to s tresses  a n d  defo rm ations  
of th e  solid), b u t  this is no t a lw ays th e  case.
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F ig u re  6 . 1: F o re  pressure  evo lu tion  in  t im e  for to p  an d  c e n te r  o f  th e  co lum n. 
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F ig u re  6.2: S a tu r a t io n  changes along th e  co lum n h e ig h t( to p  is a t  80 cms) 
for tw o -p h a s e  flow conditions .  In it ia l  w a te r  s a tu r a t io n  is S.u,o =  0.35 ( t im e  in 
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F igu re  6.3: S a tu r a t io n  change along th e  co lu m n  heigh t ( top  is a t  80 cm s) 
for tw o -p h ase  flow. Initial w a te r  s a tu r a t io n  is S-wo =  0.85 ( t im e  in sec. is 
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F ig u re  6.4: C h a n g e  o f  s a tu ra t io n  w i th  t im e  for: a) top, b) center; a n d  c) 
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F ig u re  6.5: D isp lacem en ts  for d ifferen t in i t ia l  w a te r  s a tu r a t io n  a t :  a) top ; 
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F igu re  6 .6 : In fluence  of capilla ry  p ressu re  o n  p o re  p ressu re  d is s ip a t io n  for 
th e  to p  o f  th e  co lum n .
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F ig u re  G.7: S a tu r a t io n  changes  w ith  tim e for selected poin ts; effect o f  c a p i l­
la ry  p ressure .
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6 .2 .2  O n e-d im en sio n a l co n so lid a tio n  p r o b le m  w ith  a  
tr ilin ear c o n s t itu t iv e  eq u ation
T h e  case of tw o-phase flow in a  co lum n  (same g eom etry  t h a n  t h a t  u sed  in the  
verif ica t ion  problem ) hav ing  a  tr i l in e a r  cons ti tu tive  e q u a t io n  w ith  a  soften ing  
s e g m e n t  (as described in S ec t io n  3.8.1) is considered  n e x t .  T h e  following 
figures co m p are  the  resu lts  for a  linear  elastic re la t io n sh ip  vs. a  tr i l inear  
c o n s t i tu t iv e  equation . In i t ia l  s a tu ra t io n ,  and  cap illa ry  p re s su re  effects are 
v a r ie d  to show the  influence o f  the se  p a ram e te rs  in the  overall behav io r .  T h e  
p a r a m e te r s  for the  tr i l in e a r  c o n s t i tu t iv e  equation  used in th is  e x a m p le  are  
f',„i — 1 .0;  =  1 0 .0 ;  r^c*. =  5 . 0 M P a \  Ginitiai = 3.5A/ P a . .\11 the
re m a in in g  p a ra m e te rs  a re  th e  s a m e  as  shown in F ig u re  5.7.
In F igure  6.8  a  c o m p a r is o n  o f  excess pore  p re s su re  d is s ip a t io n  in the  
c o lu m n  for linear and  t r i l in e a r  m a te r ia l  is p resen ted . T h e  excess o f  pore  
p re s s u re  is m a in ta in ed  lo n g e r  for th e  tr i l inear  m a te r ia l  b e c a u se  th e re  is a d ­
d i t io n a l  po re  pressure  g e n e ra t io n  d u e  to  the  vo lum etr ic  s t r a in  p ro d u c e d  by 
th e  co lu m n  com paction  as a  fu n c tio n  o f  time. T h e  a m o u n t  o f  u n d ra in e d  pore  
p re s s u re  genera tion  is a  fu n c t io n  o f  th e  volum etric  s t r a in  w h ich  is h igher  in 
t h e  case of a  m a te r ia l  t h a t  loses its rigidity. F igure  6.9 show s th e  effect of 
in c lu d in g  capillary  p ressu re ; th e  excess pore p ressure  is d is s ip a te d  fas te r  in 
th i s  case. .A.gain th e  m a te r ia l  t h a t  softens m a in ta in s  a  h ig h e r  p o re  p ressu re  
t h a n  does th e  linear m a te r ia l .
- rtefei to Figure 3.6 in Chapter 3.
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T h e  s a tu r a t io n  d is t r ib u t io n  a long  th e  colum, for se lec ted  tim es , is p re ­
se n te d  in  F ig u re  6.10. A t early  tim es, th e re  is no difference in th e  s a tu r a t io n  
p ro h le  for th e  co lum n; how ever, as tim e progresses, th e  s a tu r a t io n  changes 
affect d e e p e r  layers  in th e  c o lu m n  for a  m a te r ia l  w ith  so f ten ing  behav ior .
T h e  d isp la cem e n ts  in the  c o lu m n  a re  increased  once th e  m a te r ia l  s ta r t s  
to  so f ten  (see F ig u re  6.11). F ig u re  6.12 shows the  d e g ra d a t io n  o f  th e  shear  
m o d u lu s  as th e  s t r a in  p rocess  progresses  in time. T h e  in fluence o f  in itia l 
s a tu r a t io n  a n d  cap illa ry  p ressu re  on  sh ea r  m o d u lu s  d e g ra d a t io n  is p resen ted  
in F ig u re  6.13. W h e n  cap i l la ry  p ressu re  is p resen t,  s ince  th e re  is a  faster 
d e p le t io n  of excess of po re  p ressu re ,  th e  m a te r ia l  defo rm s fa s te r  a n d  the  
sh e a r  m o d u lu s  is d eg rad e d  fas ter .  T h e  influence of in i t ia l  s a tu r a t io n  is no t  
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F ig u re  6 .8 : P o re  p ressu re  ev o lu tio n  w ith  tim e. C o m p a r iso n  b e tw e e n  m a te r i ­
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F ig u re  6.9: Pore  p ressu re  ev o lu tio n  w ith  time. C o m p a r iso n  b e tw ee n  m a ­
te ria ls  w ith  linear  e lastic  a n d  t r i l in e a r  con s ti tu t iv e  e q u a t io n s ,  consider ing  
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F ig u re  6.10: C h a n g e  in s a tu ra t io n  w ith  t im e  for selected po in ts .  C o m p a r is o n  
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F igu re  6 . 11: P ro g re ss  of se t t lem en t  w i th  t im e  for se lected  p o in ts  in th e  col­
u m n . C o m p a r is o n  be tw een  m a ter ia ls  w i th  l in ea r  e lastic  an d  t r i l in e a r  c o n s t i ­
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F ig u re  6.12; C h a n g e  in sh ea r  m o d u lu s  a s  th e  coupled  s train-flow  p ro c e s s  
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F ig u re  6.1.3: C h a n g e  in s h e a r  m o d u lu s  w ith  t im e  for to p  (a) a n d  cen te r  (b) 
o f  th e  co lum n.
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6.3 C om paction  of an idealized oil reservoir
6 .3 .1  In tr o d u c tio n
C o m p a c t io n  a n d  su b s id en ce  problem s have been  t r e a te d  t ra d i t io n a l ly  w ith o u t  
coupling , w h ere  p ro d u c t io n  (fluid flow) a n d  rock  d e fo rm a t io n s  (com pac tion  
a n d  su b s id en ce )  a re  ca lcu la ted  in a  s taggered  m a n n e r  [55], [113], [18], [13], 
[19], [3G|, [74], [106]. T h a t  is, the po re  fluid p re s su re s  a re  c a lcu la ted  using 
a  reservoir  s im u la to r  considering  ju s t  fluid flow; a n d  th e n ,  the se  a re  in p u t  
in to  a  s t r c s s - s t r a in  code  (usually  a  finite e lem en t p ro g ra m )  to  d e te rm in e  th e  
c o r re sp o n d in g  d isp lacem en ts .  T he  uncoup led  a p p ro a c h  can  n o t  p roperly  ac ­
c o u n t  for th e  a d d i t io n a l  p o re  pressure g e n e ra te d  d u r in g  c o m p a c t io n  of th e  
reservoir  a n d  o v e rb u rd e n  subsidence, ne i the r  can  i t  co n s id e r  a rch ing  effects of 
th e  s u r ro u n d in g  layers. Besides, reservoir s im u la t io n  s tu d ie s  w ith  rock co m ­
pressib ility , C r, as th e  u n iq u e  p a ra m e te r  which a c c o u n ts  for rock  m echan ics  
can  be  m is lead in g  [44].
T h e  m a jo r  a sp e c ts  to b e  considered w hen  s tu d y in g  th e  com plex  processes 
o ccu r in g  d u r in g  c o m p a c t io n  of a  reservoir are: a) s t re s s  p a th  d u r in g  dep le tion  
a n d  influence o f  d ifferen t co n s ti tu t iv e  e q u a t io n s  c a l ib ra te d  th ro u g h  la b o ra ­
to ry  te s t  fo llow ing th e se  s tress  paths; b) effect o f  in te ra c t io n  of th e  o v e rb u r­
den , side a n d  u n d e rb u rd e n  to  account for a rc h in g  effects; c) p e rm e ab il i ty  
changes  d u r in g  d ep le t io n ;  d) p lastic  yield o r  fa ilu re  (sh ea r  a n d  p o re  collapse 
m e ch an ism s  sh o u ld  b e  inc luded  for p a r t ic u la r  cases) a n d  th e  possib ili ty  of 
exceed ing  th e se  lim its  d u r in g  depletion  o f  th e  reservoir .
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R ecen t in-si tu  s tress  m e a su re m e n ts  have d e m o n s t r a te d  th a t  m a n y  r e s e r ­
voirs follow s tress  p a th s  t h a t  a re  s ignificantly  d ifferen t from th e  t r a d i t io n a l  
h y d ro s ta t ic  s tress  or u n ia x ia l  s t ra in  b o u n d a ry  cond it ions  [118]. S ince  rock  
b e h av io r  is d e p e n d e n t  u p o n  tfie s tress  p a th ,  a n d  since the  ea r ly  s ta g e s  o f  
reservo ir  loading a re  genera lly  unknow n, m o d e ll in g  can  be a  pow erfu l a id  
to  s tu d y  different p a r t i c u la r  scenarios  a n d  m a k e  e s t im a t io n s  w hich can  th e n  
be  considered  for d e te rm in in g  th e  a p p ro p r ia te  la b o ra to ry  te s t ing  p ro g ra m  to  
o b ta in  th e  p e r t in e n t  rock p a ra m e te rs .
6 .3 .2  M o d e llin g  o f  co m p a ctio n  o f  a  reservo ir  w ith  s o f t ­
en in g  b eh a v io r
A h y p o th e t ic a l  ex am p le  h as  been  cons idered  to  show  how the  m ode l can  g ive  
ins igh ts  into th e  c o m p ac t io n  of a  reservoir. F ig u re  6.14 presen ts  th e  g e o m e try  
a n d  b o u n d a ry  cond itions  o f  th e  problem . A reservo ir  100 m e te rs  th ick  a n d  
600 rn wide (using th e  s y m m e try  o f  th e  c e n te r  line) was s tud ied ,  s ince  it  
w ould  be  costly  to m odel all th e  layers. A n a d d i t io n a l  load co rre sp o n d in g  to  
500 m  overb u rd en  was in p u t  as a  b o u n d a ry  co n d i t io n  a n d  ju s t  450 m e te r s  
o f  o v e rb u rd en  were a c tu a l ly  inc luded  in th e  m ode l.  T h e  com ple te  s e c t io n  
is 850 m  high an d  900 m  wide. T h e  left, b o t t o m  a n d  right b o u n d a r ie s  o f  
th e  m o d e l a re  rep re sen ted  w i th  rollers to  in d ic a te  no d e fo rm a tio n  n o rm a l  to  
th e se  b o u n d ar ie s .  T h e re  is no  d ra in a g e  on  all b o u n d a r ie s ,  excep t for a  s h o r t  
s e g m e n t  loca ted  a t  th e  s y m m e try  line r e p re s e n t in g  th e  left b o u n d a ry  o f  th e
^Defined as (ffJj/crJ,).
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reservoir ,  w hich is c o n s id e re d  for th e  purposes  o f  m ode ll ing  as a  b o u n d a ry  
o p e n  to  flow, re sem b lin g  a  well.
T h e  m ode lling  o f  th e  o v e rb u rd e n  has  been  cons idered  to  be  a  very im p o r ­
t a n t  issue in th is  ty p e  o f  p ro b le m  [118], However, to th e  a u t h o r ’s know ledge, 
th e  flow c h a ra c te r i s t ic s  of th e  o v e r /u n d e r  a n d  s id eb u rd en  h av e  b een  ignored  
in th is  ty p e  o f  an a ly s is ,  so far. In th is  ex am p le  these  layers  a re  considered  
inc lud ing  fluid flow a n d  m ech an ica l  in te rac t io n  in th e  overa ll  behav io r .  T h e  
in i t ia l  s tress  s t a t e  co n s is te d  o f  th e  w eight of th e  rocks, as  th e  vertica l s tress  
co m p o n en t;  a n d  la te ra l  s tre ss  inc reas ing  w ith  d e p th  w i th  a  ho r izo n ta l  to  
ver tica l s tress  fac to r ,  K  = 0.25. T h e  in itia l p o re  p re s s u re  w as se t  to th e  
co rre sp o n d in g  h y d ro s ta t ic  p ressu re .  F igure  6.15 show  th e  in i t ia l  cond it io n s  
for th e  model. T h e  in i t ia l  co n d i t io n s  were in p u t  in th e  m o d e l  a n d  a  few 
m echan ica l  i t e ra t io n s  w ere n eed e d  to  eq u i l ib ra te  th e  s y s te m . Very li t t le  d is ­
p la cem e n t  o cc u rre d ,  b u t  a f te r  in i ta l  m echanica l eq u i l ib r iu m , d isp la cem e n ts  
were reset to zero . G ra v i ty  forces w ere  ac t iv i ted  in th is  case.
, \  very s im p le  well p re s su re  h is to ry  was considered  as b o u n d a r y  co n d it io n  
for p ressu re  a t  th e  face o f  th e  rese rvo ir  for a  single well co n f ig u ra t io n  exam ple . 
P re s su re  a t  th e  ’w e l lb o re ’ face w as low ered to  500 k P a  a t  t im e  f =  O'*" a n d  
a t  t =  100 d ay s  i t  w as se t  to  50 k P a .  As a  first ex am p le ,  o n ly  w a te r  flow 
w as cons idered  in  all layers, n e x t  th e  reservoir in i t ia l  s a tu r a t io n  w as se t  to  
^uio =  0.35, w h ile  o th e r  layers  w ere  m a in ta in e d  w i th  S-ujo =  1
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F ig u re  6.14: S c h e m a tic  re p re se n ta t io n  o f  th e  reservoir ,  over an d  u n d e rb u rd e n .  
For rese rvo ir  E  =  6.9e® P a ,  u — 0.2, 4> =  0.25, k =  8.64e~^ N  — r n ^ j d a y s \  
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Figure  6.15: P o re  p re s su re  a n d  stress  initia l co n d i t io n s  in  th e  m ode l
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p re se n te d  in Figures 6.16, 6.17 a n d  6.18. P o re  p re s su re  changes  a re  l im ited  
to  t h e  reservo ir  layers a t  th e  beg inning; b u t ,  for th is  p a r t i c u la r  case, even 
w ith  one o rd e r  of m a g n itu d e  p e rm e ab il i ty  difference, a t  10 days  th e  p o re  
p re s su re  field ou ts ide  th e  reservoir is p e r tu rb e d ,  w hich leads to  ad d i t io n a l  
d e fo rm a t io n  in the  su rro u n d in g  layers.
T h e  effective m ajor p r in c ip a l  s tress  c o n to u rs  are  p re se n te d  in F igures  6.19 
a n d  6.20. As tim e elapses, th e  effective s tresses  increase  a t  th e  s id eb u rd en  
a n d  over th e  flanks of th e  reservoir a t  the  o v e rb u rd en .  W h en  p o re  p ressu re  
dec rease s  b eca u se  of p ro d u c tio n ,  th e  o v e rb u rd en  loses s u p p o r t ;  an d ,  b ecause  
of its  rigidity , stresses increase to w ard  th e  flanks. T h is  effect will l im it  the  
s u b s id e n c e  to  some e x te n t  b ecause  th e  s u r ro u n d in g  layers, w hich a re  one 
o rd e r  of m a g n i tu d e  stiffer th a n  th e  reservoir, a re  ta k in g  p a r t  o f  th e  re su lt ing  
s t ra in s .
Po re  p re s su re  and  effective m a jo r  p r in c ip a l  s tresses  along  a  line A  — A'  
(see F ig u re  6.14) are  show n in F igure  6.21. T h e re  is a  j u m p  in p o re  p ressu re  
o u ts id e  o f  th e  reservoir to  a c c o m m o d a te  p e rm e a b il i ty  a n d  stiffness c o n t ra s ts  
b e tw e e e n  reservo ir  and  s idebu rden .  I t  can  be  seen t h a t  p o re  p ressu re  in th e  
s id e b u rd e n  is h igher th a n  th e  orig inal po re  p ressu re ,  w hich  is a  consequence  of 
th e  co u p led  p o ro e la s t ic  effects. A t la te r  t im es  (a f te r  160 days) ,  th e  s id eb u rd en  
p o re  p re s su re  s ta r te d  to  deplete . T h e  effective s tresses  re sp o n d ed  sim ilarly  
w i th  a  ju m p ,  increasing values a t  th e  reservoir  side b o u n d a ry .
F ig u re  6.22 shows th e  var ia tion  of s tre ss  p a th  for th e  line A — A' in
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F ig u re  6.17: C on tours  o f  p o re  p ressu re :  a) t =  0.6; b) t  =  10 days
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Pore pressure (t = 400 days)
Figure  6.18: C o n to u rs  of po re  pressure: a) t  =  60 days; b) t =  400 days
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F ig u re  6.19: C o n to u rs  of effective m a jo r  p r in c ip a l  stresses: a) t  =  0.1 days; 
b) t  =  0 .6  d a y
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F ig u re  6.20: C o n to u rs  of effective m a jo r  p r inc ipa l  stresses: a )  t  =  10 days ; 
b) t  =  60 days
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the  reservoir  for d iffe ren t t im e  levels an d  also th e  ch an g e  of K'^ w ith  t im e  for 
se lected  p o in ts  a t  va ry in g  d is tances  from th e  ce n te r  line a long  th e  line A  — A '. 
T h e  figure show s t h e  in itia l value of K'^ = =  0.25 a long  th e  w id th  of
the  reservoir. H owever, th e  reservoir does n o t  c o m p a c t  u n d e r  a  c o n s ta n t  
b u t  ra th e r ,  d u e  to  coup ling , it varies in space  a n d  t im e  in a com plex  m a n n er .  
This  m eans  t h a t  u s ing  a single c o n s ta n t  value  o f  rock com press ib ili ty  for 
the  whole reservo ir ,  as in the  conventional reservo ir  s im u la t io n  ap p ro a c h ,  is 
m eaningless . A t m o s t ,  rock com pressib ili ty  sh o u ld  have  been  m a d e  to  d e p e n d  
on the  s tre ss  p a t h  a t  different locations in th e  reservoir.
T h e  difference o f  considering  a coupled a p p ro a c h  vs. an  u n co u p led  a p ­
proach  is show n  in F igures  6.23, 6.24 a n d  6.25. For th e  u n co u p led  ca lcu la ­
tions, th e  u n d r a in e d  p o re  pressure gen era tio n  d u r in g  th e  m ech an ica l  p a r t  of 
th e  code w as d isab led .  In this approach  th e  p ro g ra m  w orked  j u s t  by pass ing  
pore p re s su re  in fo rm a t io n  p roduced  from  th e  fluid flow ca lcu la t io n s  to  the  
m echan ica l ro u t in e s  o f  th e  code (s tress-stra in  ca lcu la t io n s )  to  d e te rm in e  new 
effective s tresses  a n d  th e  resulting s tra in s .
, \ s  can  b e  seen  in  these  figures, even for th e  reservoir ,  th e re  is an  in itia l 
increase of p o re  p re s s u re  over th e  original values. T h is  is o ccu rr in g  d esp ite  th e  
fact t h a t  th e  ’w ell’ p re s su re  has  been low ered a n d  p ro d u c t io n  in on  going. 
Pore p ressu re ,  o f  course , decreases th e re a f te r  b e c a u se  of d ep le t io n  o f  th e  
reservoir. N o te  in F ig u re  6.25 th a t  the  coup led  a p p ro a c h  p re d ic te d  h igher  
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F ig u re  6.21: Pore p ressu re  a n d  m a jo r  p r in c ip a l  s tresses  a t  the  cen ter  o f  th e  
reservoir  (line A -A ’) a t  different times.
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F ig u re  6.22; a) K'„ for th e  reservo ir  a t  th e  center line (A — A ')  a n d  b) change  
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F ig u re  6.25: Effect of coupling on  p o re  p ressu re  response a t  to p ,  c e n te r  a n d  
b o t t o m  of th e  reservoir.
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u ncoup led )  t e n d  to  m a tch . Therefore ,  for th is  p a r t ic u la r  se t  of values, th e  
use of an  u n co u p led  ap p ro ac h  te n d  to  o v e rp re d ic t  dep le tion  in th e  reservoir.
It is re m a rk a b le  t h a t  the  behav io r  o f  th e  reservoir  is no t  u n ifo rm  in  te rm s  
of d isp la cem e n ts .  F igu re  6.28 shows t h a t  p o in ts  below the  cen te r  of th e  re se r­
voir were lif ted  a t  th e  begining an d  la te r ,  s e t t le m e n ts  s ta r te d .  T h is  is b e ca u se  
the  u n d e rb u rd e n  is expand ing . T h is  u p l i f t in g  can  b e  ap p re c ia te d  in  F ig u re  
6.26 w here  defo rm ed  m eshes are  p re se n te d  for different t im e  levels. T h e  
orig inal m esh  is d e n o te d  w ith  d o t te d  lines. For la te r  times (F ig u re  6 .26(c)) 
the  u n d e rb u rd e n  ju s t  below th e  reservoir  is a lm o s t  in the  sam e  p o s it io n  t h a t  
it was in th e  beg inn ing ,  while the  s ide  a n d  u n d e rb u rd e n  c o m p a c te d  m u ch  
more. T h e  field of d isp lacem en ts  is p re s e n te d  in F igure  6.27 w ith  a rrow s 
w hose le n g th s  (ex ag g e ra ted  100 times) rep re se n t  th e  m a g n i tu d e  of d isp la ce ­
m en ts  a n d  p o in t  to w ard s  the  co r resp o n d in g  d isp lacem en t d irec tion . H ere  th e  
b eh av io r  o f  th e  a d ja c e n ts  layers of th e  rese rvo ir  is aga in  c learly  show n  . T h e  
’subs idence  b o w l’ is well de linea ted  in th i s  figure.
T h e  p o ro e la s t ic  (coupled) effects c a n  also b e  no ticed  in th e  s e t t le m e n ts  as 
is show n in F ig u re  6.29, w here the  d isp la c e m e n ts  p re d ic te d  by th e  u n c o u p le d  
ap p ro a c h  a re  h ig h e r  a t  the  top  of th e  rese rvo ir  t h a n  the  ones  re su l t in g  from  
the  coup led  ca lcu la tions .  However, a t  t h e  b o t to m  o f  the  reservo ir  t h e  up lif t  
p red ic ted  by  th e  unco u p led  a p p ro ac h  is h ighe r  t h a n  th a t  re su lt in g  from  th e  
coupled  a p p ro a c h .
T h e  re su lts  of s a tu ra t io n  changes for th e  case o f  tw o-phase  flow in  th e
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re se rvo ir  w i th  coupled  rock d e fo rm a tio n  (o th e r  p a ra m e te rs  a re  th e  s a m e  as 
in th e  s in g le -p h a se  flow case a re  p re s e n te d  in F ig u re  6.30. .Again re su l ts  a re  
n o t  n o n -u n i fo rm  for po in ts  a t  top , c e n te r  a n d  b o t to m  of th e  reservoir. T h e  
fac t t h a t  th e  w a te r  s a tu ra t io n  increases less a t  th e  cen te r  is a  co n seq u en ce  of 
th e  re se rv o ir  b e in g  ’squeezed’ from  b o th  to p  an d  b o t to m ; a n d  consequen tly ,  
oil is d e l iv e re d  from top  and  b o t to m  layers  of th e  reservoir.
F ig u re  6.3 1 shows the  flowrate for top , c en te r  a n d  b o t to m  o f  th e  reservoir.  
N o te  t h a t  t h e  h ighe r  oil flowrate o c c u r re d  a t  the  cen te r  of th e  reservoir . T h e  
w a te r  f lo w ra te ,  however, is in itia lly  h ig h e r  a t  th e  cen te r  b u t  i t  d ec re a se s  in 
t im e  be low  th e  values for top a n d  b o t to m .
.All r e s u l t s  p re sen te d  before were for a  linear  e last ic  rock. T h e  following 
figures c o m p a r e  th e  previous resu lts  w i th  those  o b ta in e d  by  ch a n g in g  th e  
c o n s i tu t iv e  e q u a t io n  to a  tr i l inear  one, a s  has  been  defined p rev ious ly  S ec­
tion  3.8 in  C h a p t e r  3). O nly  th e  c o n s t i tu t iv e  e q u a t io n  for th e  rese rvo ir  was 
ch an g ed ; t h e  s ide, un d er  a n d  o v e rb u rd en  layers  rem a in ed  w i th  a  linear  e la s t ic  
c o n s t i tu t iv e  e q u a t io n .  D isp lacem ents  a t  th e  top , cen te r  a n d  b o t to m  o f  the  
resevo ir in  F ig u re  6.32 are  the  sam e u p  to  th e  p o in t  in w hich  th e  rese rvo ir  
rock  s t a r t e d  to  soften  a n d  the  d is p la c e m e n ts  inc reased  even 100% a t  t h e  cen ­
te r  of t h e  c o lu m n . T h e  uplift a t  th e  b o t t o m  of th e  reservoir  inc reased ,  as 
well.
T h e  e ffec t o f  th e  co n s ti tu t iv e  e q u a t io n  upon  o th e r  p a r a m e te r s  like p o re  






F ig u re  6.26: D efo rm ed  mesh as func tion  o f  tim e: a) t  =  10 days; b) t  =  60 
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F ig u re  6.27: D isp lacem en t field vectors for d iffe ren t t im e  levels: a) t  =  60 
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F ig u re  6.30: C h an g e  of w a te r  s a tu r a t io n  in  th e  reservoir: a) a t  top , c e n te r  
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F ig u re  6.31; Flow ra te  a t  th e  face  o f  th e  reservoir: a) oil; b )w ater .
1 6 1
s e t  o f  p a r a m e te r s  a n d  g e o m e tr y ,  a s  is s h o w n  in  F ig u r e  6 .3 3 .
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F ig u re  6.32: C o m p a riso n  o f  d isp la c e m e n ts  a t  a) top , b) cen te r ,  a n d  c) b o t to m  
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F ig u r e  6.33; C o m p a r is o n  of re su l ts  for l in ea r  an d  t r i l in e a r  c o n s t i tu t iv e  e q u a ­
t io n s  a t  th e  cen te r  of th e  reservoir: a) p o re  pressure ; b) flow ra te ;  a n d  c) 





In th is  d is s e r ta t io n ,  a tw o-d im ensiona l exp l ic i t  L agrang ian  fin ite-d iffe rence 
code, fu lly -coup led  w ith  a  two-fluid flow s y s te m  in p o rous  m ed ia ,  is d ev e l­
oped . T h e  solid  d e fo rm a tio n  is co n s id e red  us ing  th e  d y n am ic  re la x a t io n  p ro ­
ced u re  w hich allows th e  m ode l to  go in to  p o s t -p e a k  beh av io r  o f  th e  m a te r ia l  
w ith o u t  c re a t in g  n u m e rica l  in s tab ili ty .  T h is  m e th o d  is p a r t ic u la r ly  p o w er­
ful w hen  d e fo rm a t io n  is by n o n l in e a r / f a i lu re  system s (i.e., w ork so f ten in g  
p la s t ic i ty ) .  To  th e  a u t h o r ’s know ledge, th is  is th e  first a p p l ica t io n  o f  th e  L a ­
g ra n g ia n  fin ite  d ifference m e th o d  to  c o u p led  m u lti-phase  flow in d e fo rm a b le  
po rous  m ed ia .
Even th o u g h  such  capab ili t ies  h av e  b een  possib le  by th e  use o f  s o p h is t i ­
ca te d  fin ite  e le m e n t  codes, th e  m ode l p ro p o s e d  herein is s im p le r  to  use a n d  
m ore  efficient w hen  la rge  an d  n o n l in e a r  p ro b lem s  are  to  be  tack led .  T h e  
reason  for th is  resides in  the choice o f  th e  num erica l techn ique , a s  well as
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s o lv in g  p r o c e d u r e .
By m a in ta in in g  s tr ic t  coupling  be tw een  th e  various p e r t in e n t  m e ch an ism s ,  
th e  s im u la to r  allows s tu d y in g  no t only  p o re  p ressu re  a n d  s a tu r a t io n  ch an g e s  
over t im e ,  b u t  also takes into acc o u n t cap illa ry  effects as  well as th e  in fluence 
of in -s i tu  s tre ss  conditions. Hence, p a ra m e tr ic  s tu d ie s  can easily  be  c a r r ie d  
o u t  to  d e l in e a te  the  im p o r ta n c e  of p e r t in e n t  p a ram e te rs ,  he lp ing  to se lec t 
th e  c r i t ic a l  cases.
For a  first tr iv ia l  exam ple , th e  one-d im ens iona l co m p ac tio n  of a  soil co l­
u m n  w as considered . It was ev iden t th a t ,  as the  m a te r ia l  b eg an  to so f ten ,  
pore  p re s s u re  was m a in ta in ed  a t  a  h ig h e r  m a g n i tu d e  for m uch longer p e r io d s  
of t im e  c o m p a re d  to th e  classical e lastic  so lu tions. T h is  was obv ious ly  a c c o m ­
p an ied  by  la rg e r  defo rm ations . F rom  a  p rac tica l p o in t  of view, this  m e a n s  
t h a t  th e  c o m p a c t io n  can  be cons idered  a s  a non-neglig ible d riv ing  m e c h a n ism  
an d  co u ld  ex p la in  why th e  reservoir  p o re  p ressu re  does  n o t  alw ays d eca y  as 
p re d ic te d .  O n  th e  negative  side, th e  assoc ia ted  ver t ica l  la rger d isp la c e m e n ts  
m igh t in t ro d u c e  ad d i t io n a l  sh ea r  s tresses  along  th e  casing, lead ing  to t im e-  
d e p e n d e n t  buck ling  failure.
T h e  second , m ore  com plex  ex am p le  consis ted  in  a  co m p ac tin g  reservo ir .  
Even th o u g h  such  a p rob lem  h a d  b een  considered  before, th e  s u r ro u n d in g  
rocks m a sses  w ere never inc luded  in th e  m odelling  itse lf  b u t  w ere m e re ly  in ­
t ro d u c e d  v ia  w h a t  was perce ived  as a p p ro p r ia te  b o u n d a ry  cond itions . T h is  
d is s e r ta t io n  c learly  p roved  t h a t  th is  a p p ro ac h  is n o t  correct.  O n ce  th e  reser-
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voir itse lf  s t a r t s  to  co m p a c t  due to  d ep le t io n ,  s tresses  in th e  over-, s ide-, a n d  
u n d e r-b u rd e n  ch an g e d  accordingly, p a r t ic ip a t in g  in th e  overall rock m ass  re ­
sponse. As e x p ec ted ,  arch ing  effects s t a r t e d  to  develop, m a in ly  d u e  to  th e  
stiffness c o n t ra s t  be tw een  th e  various layers. Less a n d  less s tre ss  w as ca r r ied  
by the  w eak failing m em ber ,  and  m ore  load was t ra n s fe r re d  to  th e  s u r r o u n d ­
ing fo rm ations .
P rac tica l ly  speak ing ,  th is  m eans t h a t  th e  conso lida tion  r a t e  will dec re a se  
w ith  t im e  a n d  t h a t  to ta l  stresses in th e  reservo ir  will decrease. Pore  p re s su re  
will also decrease  a t  a  fas te r  ra te  an d  th e  a sso c ia ted  p ro d u c t io n  will o b v i­
ously be affected. M oreover, this p rac t ica l  field e x am p le  revea led  a  few o th e r  
ph en o m en a ,  som e o f  which had  been  o b se rv ed  in th e  field b u t ,  so far, cou ld  
no t be exp la ined .
•  Pore  p re s su re  values rising above th e ir  o rig ina l values, even  d u r in g  
d raw dow n. T h is  phenom enon , w hich  o ccu rs  a t  early  tim es, is a  p o ro e ­
lastic  effect. U ncoupled  ca lcu la tions  indeed  p red ic t  la rge r  d e p le t io n  
a n d  s e t t le m e n ts .  T h e  s im ula to r  can  r e p ro d u c e  such a  c o n d i t io n  by n o t  
allow ing d ra in a g e  of th e  pore  p ressu re .
•  C h an g es  in in -s itu  s tress  ra tios  d u r in g  th e  reservo ir’s life. T h is  p h e ­
n om enon , w h ich  was first d e te c te d  b y  c o n d u c t in g  a  n u m b e r  o f  m icro- 
h y d rau lic  f ra c tu r in g  te s ts  in th e  Ekofisk field, is also th e  re su l t  of c o u ­
p led  effects. T h e  s im u la to r  has  c lea r ly  show n th a t  th is  ra t io  n o t  on ly  
varies in t im e , b u t  in space, too. In  ad d i t io n ,  th is  v a r ia t io n  is n o t
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m o n o to n o u s  a n d  reverses w i th  t im e. T h is  su g g es ts  t h a t  a  single va lue  of 
rock com press ib ili ty ,  o b ta in e d  for a  p a r t i c u la r  s t re s s  cond ition ,  will n o t  
p ro p e r ly  re p re s e n t  th e  s tre ss  p a t h  in th e  reservoir .  T h i s  may p rov ide  
m islead ing  re su lts ,  espec ia lly  w hen  c o m p u t in g  th e  reserves-in-p lace .
•  Reversal o f  d isp la c e m e n ts  a t  d ifferent loca tio n s  in t h e  reservoir. T h is  
p h e n o m e n o n  is d u e  to  th e  influence of th e  s u r ro u n d in g  layers w here  
po re  p re s s u re  values a re  also affected, p e r tu rb in g  th e  flow p a t te rn s  a n d  
th e  overall b e h a v io r  o f  th e  rock  m ass. T h is  is n o t  u n e x p e c te d  as it goes 
h a n d - in -h a n d  w ith  floor lif ting  observed  in t a b u la r  m in in g ;  ore rem oval 
is indeed  eq u iv a le n t  to  con s id e r in g  a  reservoir  of in f in i te  com pressibility .
T h e  o b se rv a t io n s  d iscussed  above  c learly  show th a t ,  w h e n  s tu d y in g  c o m ­
p a c t io n  of a  rese rvo ir  d u e  to  d raw d o w n  o r  uplif t d u e  to  in jec tion , it is a b s o ­
lu te ly  necesa ry  to  inc lude  coup ling  a n d  also consider  th e  su r ro u n d in g  fo rm a ­
t io n s  as  th e y  fully p a r t i c ip a te  in th e  overall reac tion .
A s  far as re c o m m e n d a t io n s  a re  concerned , one  needs  to  realize t h a t  th is  
s im u la to r  is p re se n t ly  l im ite d  to  tw o-d im ensiona l s i tu a t io n s  an d  two fluid 
phases .  However, a s  such  it cou ld  b e  u sed  to s tu d y  a  n u m b e r  o f  o th e r  a p p l i ­
c a t io n s  to check th e  im p o r ta n c e  o f  som e  p a r t i c u la r  p a r a m e te r s :
•  S tu d y  of b o re h o le  s tab ili ty ,  espec ia lly  w hen  d r i l l ing  u n d e rb a la n c e .  T h is  
a p p ro a c h  is g a in in g  p o p u la r i ty  as  i t  resu lts  in  lesser fo rm atio n  d am ag e .
•  S tu d y  of p e r fo ra t io n  s ta b i l i ty  w hen  wells a re  b r o u g h t  o n to  (and  d u r in g )
168
p ro d u c t io n .  C o llapsed  perfo ra t ions  a re  u su a lly  a t t r i b u t e d  to  p o o r  p e r ­
fo ra tion  t r e a tm e n ts  a n d / o r  high ex isting  d iffe ren tia l  s t re s s  cond itions . 
T h is  code  will allow considering  th e  effect o f  fluid flow on  th is  p rob lem .
•  S tu d y  o f  s a n d in g  problem s, especially  w hen flow is s u d d e n ly  in te r ru p te d  
by c lo s in g /o p e n in g  o f d o w n stream  valves. I t  is well know n  th a t  c h a n g ­
ing flow cond itions  o ften  resu lt in large te m p o r a r y  (som etim es  p e r m a ­
nen t)  s a n d in g  ra tes .  T h e  tran s ien t  flow c o n d i t io n s  can  be  s im u la te d  
using  th is  code, . \n o th e r  im p o r ta n t  use o f  th e  co d e  in  s an d in g  is th e  
s tu d y  of th e  influence of w a te r  cu t  into the  wells. It is well know n t h a t  
the  b eg in n in g  o f  w a te r  inflow is one of th e  m o s t  im p o r ta n t  factors, so 
the  inc lu s ion  o f  cap illa ry  effects on the  overall b e h a v io r  can  now finally 
be co n s id e re d  w ith  th is  code.
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Nomenclature
a  — A cce le ra tion  vector
a — B oreho le  rad ius
.4 — A rea  of in teg ra tion
6j — B ody  force
C  — M a x im u m  wave speed
Cp — D ila ta t io n a l  wave speed
d A  — E le m e n t  of a rea
dL  — E le m e n t  of length
d S  — In c re m e n ta l  a rc
e — V o lum e tr ic  s tra in
éij  — S t r a in  r a te  tensor
éjn — V o lum e tr ic  s t ra in  ra te
é j  — d e v ia to r ic  s t ra in  ra te  for tr iang le  a
/  — v e c to r  field
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< f i j  > — e lem ent o f  urea
< / / “ > — average value of f over s ide  segm en t 12
f l  — value of th e  function f a t  th e  node  1
F — Scalar, vector, or ten so r  q u a n t i ty  
p,Uxiy _  ^jody force
pbdry _  b o u n d a ry  force
pijitcniai _  n o d a l  force
(ji — G ra v i ta t io n a l  acce lera tion  
G — Shear m o d u lu s
G O fi  — G as-o il-ra tio
G ^ f f  — Effective sh ea r  m odu lus  for tr i l in ea r  behav io r  
k  — heig th  over a  d a tu m
./ — Jaco b ia n
kro — Relative p e rm e ab il i ty  to oil
krw — Relative p e rm e ab il i ty  to  w a te r
K  — Bulk m o d u lu s
Kt  — F ram ew ork  bu lk  m o d u lu s  
K s  — Solid g ra in s  bu lk  m o d u lu s  
Kuj — W ater  stiffness
K,i  — Oil stiffness
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L — Curve bounding an area
m,j — Lumped gravitational mass at the node
— Mass for each grid point in the triangle
rrin - Net ficticious nodal mass
nit — Mass associated with the triangle
M - Total number of sides
Ms — Solid Mass
n - outward pointing normal vector
N — Side number
N — Side number
P — Pore pressure
Pc — Capillary pressure
Pc — Slope of the capillary pressure curve
Pn — Pressure of the non-wetting fluid phase (oil)
Ptu — Pressure of the wetting fluid phase (water)
Put — Derivative with respect to time of water pressure
Pi. P2 — Far field principal stress components
q — Darcy’s fluid velocity vector
r — Distance from the borehole center
Run — Momentum exchange
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6" — Arbitrary" closed surface or area
S„ — Saturation of the non-wetting fluid phase (oil)
Suj — Derivative with respect to time of water saturation  
Suj — Saturation of the wetting fluid phase (water)
Sor — Residual oil saturation 
Sun — Irreducible water saturation 
Swo — Initial water saturation 
Sna — Initial oil saturation
Suj — Saturation the wetting fluid phase (water)
Sn — Saturation on the wetting fluid phase (water) 
ti — traction vector 
Ui — solid velocity
Ur — Radial displacements for the borehole problem 
Ho — Tangential displacements for the borehole problem  
Uun — Intrinsic water velocity vector 
Uni — Intrinsic oil velocity vector 
Vi — oil velocity  
Vs — Solid volume 
Wi — water velocity 
Wij — rotation tensor
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Xi — Average value of the derivative of the vector
a  — Biot Poroelastic coefficient
J — Damping term
6ij — delta of Kronecker
A 6' — Length of side segment
A t  — Real time step
A t '  — Pseudo time step
— Largest side of the triangle
£ — Minimum length of the zone edges or diagonals
c„i — Radius of Mohr’s circle of strain
^mi — Strain corresponding to peak value in stress-strain curve
tm2 — Strain corresponding to start of residual strength
— Water mobility 
Ai..^  — Oil mobility
/in, — water viscosity
/i,i — oil viscosity
u — Poisson s ratio
Winox — Highest natural angular frequency of the undamped mesh 
<t> — Porosity
Ps — solid density
174
Pu, — wetting fluid (water) density 
Pu, — non-wetting fluid (oil) density 
p — mass density
aij — Total stress tensor
o[j — Effective stress tensor
<7xi> — Cartesian components of the stress tensor
a-r — Radial component o f  the stress tensor
Oq — Tangential component of the stress tensor
à ij — co-rotational stress rate tensor 
Tro — Shear component of the stress tensor 
T.„ — radius of Mohr's circle of stress
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